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iv PREFACE. 

8. The geometrical proofs (Art. 138) of the propositions 
that in any spherical right triangle : 

I. If the sides including the right angle are in the same 
quadrant, the hypotenuse is < 90° ; if they are in different 
quadrants, the hypotenuse is > 90°. 

II. An angle is in the same quadrant as its opposite side. 

9. The discussion of the properties of spherical right 
triangles before those of spherical oblique triangles; see 
Chapters' XI. and XII. 

10. The reduction of the number of cases in the complete 
demonstration of the fundamental formulae for spherical 
right triangles, to three, by application of the results proved 
geometrically in Art. 138 ; see Art. 143. 

11. The discussions of the amhi^uoua cases in the solution 
of spherical oblique triangles (Arts. 171 aud 172) ; espe- 
cially the miles given on pages 130 and 132 for determining 
the number of solutions. 

At the end of the book will be found a collection of for- 
mulae in foim for convenient reference. 

Teachers who desire a briefer course are recommended to 
omit Chapter IV., which may be done without interrupting 
the logical completeness of the rest of the work. Chapter 
VI. may also be omitted by those who have taken the sub- 
ject of Logarithms in their com-se in Algebra. The course 
might be still further abridged, if desired, by the omission of 
the exercises at the end of Chapter V. 

WEBSTER WELLS. 
Boston, 1887. . * 
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PLAISTE TRIGONOMETRY. 



I. DEFINITIONS; MEASUREMENT 
OP ANGLES. 

1. T'ligonometry is that branch of mathematics in which 
algebraic processes are used to treat of the propeiiies and 
measurement of geometrical figures. 

In Plane Trigonometry we consider plane figures only. 

2. An angle is measured by finding its ratio to another 
angle adopted arbitrarily as the unit of measurement. 

3. The usual unit of measurement for angles is the degree^ 
or an angle equal to the ninetieth part of a right angle. 

To express, fractional parts of the unit, the degree is di- 
vided into sixty equal parts, called minutes^ and the minute 
into sixty equal parts, called seconds. 

Degrees, minutes, and seconds are denoted by the sym- 
bols **, ', ", respectively ; thus, 43** 22' 37" denotes an angle 
of 43 degrees, 22 minutes, and 37 seconds. 

CIBCnLAR MEASURE OF AN ANGLE. 

4. Another method of measuring angles, and one of great 
importance, is known as tlie circular method^ in which the 
unit of measurement is the angle subtended at the centre of a 
circle "by an arc whose length is equal to the radius of the circle. 



2 ' PLANE TRIGONOMETRY. 

6. Let AOB be any angle, and AOC the unit of circular 
measure. 

J? 




By Geometry, we have 

angle ^QJB _ arc A B 
angle AOO arc A C 

Whence, circular measure -4 OJB = — (Art. 4). 

OA 

That is, the circular measure of an angle is equal to the ratio 
of its subtending arc to the radius of the circle. 

For example, the ckcular measure of a light angle is equal 
to the ratio of one-fourth the circumference to the radius. 

But the circumference of a circle is equal to the radius 
multiplied by 2ir, where 7r = 3.14159265... 

Hence, if R denotes the radius, we have 

1 ij f\f\o i of 2ir22 IT 

cu:cularmea8ureof90=— ^- = -. 



6. Since the circular measure of 90° is ^, the circular 
measure of 180° is tt ; of 60°, ^ ; of 45°, - ; of 30°, ^ ; etc. 

That is, an angle expressed in degrees may he reduced to 

circular measure by finding its ratio to 180°, and multiplying 

the result by ir. 

23 
Thus, since 115° is — of 180°, the circular measure of 

23,r ^^ 

1150 is f^. 

36 



DEFINITIONS; MEASUREMENT OF ANGLES. 3 

7. Conversely, any angle expressed in circular meoMire 
may be reduced to degrees by multiplying by 180° and dividing 
by IT ; or, more briefly, by substituting 180® /or ir. 

Thus, I^ = -I of 180® = 84®. 
15 15 

8. In the circular method such expressions may occur an 

*' the angle -," " the angle 1," etc. 
o 

These refer to the unit of circular measure ; that is, the 

2 
angle - means an angle whose subtending arc is two-thirds 
o 

of the radius. 

The angle 1 , that is, . the angle whose subtending arc is 
equal to the radius, or the unit of circular measure, if 
reduced to degrees by the rule of Art. 7, gives 

180^ = 1«2! = 57.2957795®... 

IT 3.14159265... 

The rule of Art. 7 may then be modified as follows : 

Any angle expressed in circular measure may be reduced to 
degrees by multiplying by 57.2957795®... 

Thus, the angle - = - x 57.2957795°... 

= 38.1971863®... = 38® 11' 49.87068"... 



EXAMPLES. 
9. Express the following in circular measure : 

1. 135®. 8. 11® 15'. 6. 29® 15'. 7. 128® 34^'. 

2. 198®. 4. 37® 30'. 6. 174® 22' 30". 8. 92® 48' 45'. 

Express the following in degree measure : 

27r-l 

3 

TT-l 



• 1 


30 


i,.|. 


16 


10. ^- 




12. ^. 

4 


14. 2. 
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II. THE TRIGONOMETRIO FUNCTIONS. 

FUNCTIONS OF ACUTE ANGLES. 
10. Let BAC be any acute angle. 




From any point in either side, as B, draw BC perpendic- 
ulai* to the other side, forming a right triangle ABC. 

We then have the following deOnitions, applicable to either 
of the acute angles A and B : 

In any right triangle^ 

The SINE of either acute angle is the ratio of the op^ 

posite side to the hypotenuse. 

The COSINE is the ratio of the adjacent side to the hypot- 
eniise. 

The TANGENT is the ratio of the opposite side to the adja- 
cent side. 

The COTANGENT is the ratio of the adjacent side to the oppo- 
site side. 

The SECANT is the ratio of the hypotenuse to the adjacerd 
side. 

The COSECANT is the ratio of the hypotenuse to the opposite 
side. 

That is, denoting the sides BC^ CA^ and AB by o, 6, and 
c, and employing the usual abbreviations, 



sm -4 = -» 



cos-4 = -i 
c 



tan-4 = - 



cot A = -'t 
a 



sec -4 = 7? 





CSC^s 



c 
a 



(1) 



THE TRIGONOMETRIC FUNCTIONS. 



And in like manner 


} 




sin 5 = -1 

c 


tan 5 = -<• 
a 


8ec5 = -> 
a 


cos5 = -, 
c 


eot5 = ^i 




CSC 5=^. 




(2) 



11. The following definitions are also used : 

The versed sine of an angle is eqwd to unity minus the 
cosine of the angle. 

The coversed sine is equal to unity minus the sine* 



That is, vers -4=1: — i 
' c 



covers -4 = 1 — -i 
c 



vers B=l j 

c 



covers JB = 1 — - 



12. The eight ratios defined in Arts. 10 and 11 are called 
Trigonometric Functions^ or Trigonometric Ratios^ of the 
angle. 

It is important to observe that their values depend solely 
on the magnitude of the angle, and are entirely independent 
of the lengths of the sides of the right tiiangle which con- 
tains it. 




C C 



17-E 



Thus, let B and B^ be any two points in the side AD of 
the angle DAE^ and draw BC and B'C! perpendicular to AE. 
Then by Art. 10, we have 

,•. BC ^ , . B'C 
sm ^ = -7^, and sm A = -r=;r' 
AB AE 
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But the right triangles ABC and AB'C^ are similar, since 
they have the angle A common ; and therefore, by Geometry, 

BC ^ B'C 
AB AB'' 

Thus the two values obtained for sin A are seen to be equal. 

13. We obtain from (i) and (2), Art. 10, 

a = c sin -4, 6 = c sin 5, 

6 = c cos A^ a = c cos B. 

That is, in any right triangle, either side about the right 
angle is equal to the hypotenuse multiplied by the sine of the 
opposite angle, or by the cosine of the adjacent angle, 

14. We have from Arts. 10 and 11, 

a b 

sin -4 = - = cos B, sin J3 = - = cos A, 

c c ' . 

tan A = T = cot J3, tan B = - = cot A, 

b a ' 

sec A = T = CSC J5, sec B = ~ = esc A, 

b a 

vers A=l — = covers J3, vers B=l = covers A, 

c c 

Since the angles A and B are complements of each other, 
the above results may be expressed as follows : 

The sine, tangent, secant, and versed sine of an acute angle 
are respectively the cosine, cotangent, cosecant, and cover sed 
sine of the complement of the angle. 

It is from this circumstance that the names co-sine, co- 
tangent, etc., were derived. 

15. The Pythagorean Theorem affords a simple method 
for finding the values of the remaining se^en functions of an 
acute angle, when the value of any one is given. 
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1. Given cot .4=2; required the values of the remaining 
functions of A, 




The equation may be written cot ^ = — 

Then since the cotangent is the ratio of the adjacent side 
to the opposite side, we may regard our value as having been 
taken from a right triangle ABG^ having its side AC adjacent 
to the angle A equal to 2 units, and its side BC opposite to 
A equal to 1 unit. 

But by Geometry, we have 



AB = V^(7'-h 5(7^ = ^4 + 1 = \/6. 
Whence by definition, 



sm ^ = -— = -V 

cos A =— :=-!-, 

tan ^ = -9 
2 



sec^ 



=i^^ 



CSC 



vers 






covers ^ = 1 — ^. 
5 



2. Given covers A =-; required the values of the remain- 
ing functions of A. 




8 
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Since covers ^ = 1 — sin ^, we have sin ^ = 1 — - = ?• 

5 5 
We then take the opposite side BC equal to 3 units, and 
the hypotenuse AB equal to 5 units. 

Then, ^C=V^J5'-^'=:v/25^ = 4. 
Whence by definition, 



cos A = ~t 
5 

tanu4 = ?, 
4 



A 

cot ^ = -1 
3 

sec ^ = -> 



CSC ^ = -» 

3 

vers -4 = — 
5 



EXAMPLES. 
In each case find the values of the remaining functions : 



. 8. tan.4 = -. 
3 



6. vers ^ = — 
4 



9. cot -4 = a;. 



3 X 

4. covers ^ = -. 7. sin^ =— 10. cos^ = 



17 



6. csc^ = 4. 8. sec^ =1?. 11. sec ^ = V^^' + ^'. 

5 h 

16. To find the values of the sine^ cosine^ tangent^ cotari'^ 
gent^ secant, and cosecant of 45**. 




Let ABC be an isosceles right triangle, having each of the 
sides AC and BC equal to 1. 

Then, AB = \/ac' + BC' = \/V+i = ^2. 

Also, the angles A and B are equal ; and since their sum 
is a right angle, each is equal to 45®. 
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Then by definition, 
Sin 45 = -= = - — 



tan 45° = 1. sec 45° = ^2. 



COS 



45°=:J= = ^. cot 45°= 1. CSC 45° = ^. 

V/2 2 



The second line might have been derived from the first by 
aid of Art. 14, since 45° is complement of itself. 

17. To find the values of the sine^ cosine^ tangent^ cotan- 
gent^ secant, and cosecant of 30° and 60°« 




Let ABD be an equilateral triangle, having each side equal 
TO 2. Draw AC perpendicular to BD ; then by Geometry, 

JB(7= i J3Z) = 1, and Z ^^C= iZ J5^Z> = aO°. 



Again, AC= V^B*- 50'= ^4 - 1 = s/^ 
Then from the triangle ABC^ by definition, 

-V3_ 



sin 30° = - = cos 60°. 

2 

tan30° = -J==^ = cot 60°. 
V/3 3 

sec30° = 4= = — = C8c60°. 
V/3 3 

Or the functions of 60° may be derived from those of 30° 
by aid of Art. 14, since 60° is the complement of 30°. 



cos 30° = -5^ = sin 60°. 
2 

.cot30° = V^3 = tan60°. 



esc 30° = 2 = sec 60° 



10 
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FUNDAMENTAL THEOREMS. 
B 




18. We obtain from the definitions of Art. 10, 

sin A CSC ^ = - X - = 1 . 

c a 

cos ^ sec ^ = - X - = 1 . 
c h 

tan^cot^ = -X-=l. 
b a 

These results may be written 
1 . ^ 1 



sin A = 



CSC A^ 



cos A- 



sec -4 



tan -4 = 



cot A = 



cot ^' 

1 
tan -4' 



sec .4 = 
CSC A = 



cos A 

_J 

sin A 



(3^ 



That is, the sine of an acute angle is the reciprocal of the 
cosecant^ the tangent is the reciprocal of the cotangent^ and the 
secant is the reciprocal of the cosine. 

19. To prove the formula 

sin^ A + cos^ A= 1, 

Note. Sin^^ signifies (sin A)^; that is, the square of the sine of A 

By Geometry, a^ -\-b^z=(^. 

Dividing by c^, ^^)VQ'=1. 



THE TRIGONOMETRIC FUNCTIONS. H 

Whence by definition, 

{&\n Ay + (cos Ay = 1; 
or, sin^ A -f cos* ^ = 1 . (4) 

The result may be written in the forms 

sin ^ = V^l — cos^ A, and cos J. = y/l — sin' A. 

20. To prove the fo7*muloe 

. ^ sin -4 J J, A cos A 

tan A = -, and cot A = -• 

cos A sm A 

a 

By definition, tan ^ = - = ^ = 5i5_^, (5) 

b COS A 
c 

b 

J A. A b c cos A f^\ 

and cot -4 = - = - = -; — -- (6) 

a 01, 8in A 

c 

21. To prove the formulce 

sec* ^ = 1 + tan' -4, and esc* ^= 1 + cct' A. 



By Geometry, 


<^ = a'+b\ 


Dividing by 6», 


b' ^b" 


That is, 


Be(^A = l +taii«^. 


Dividing by a', 




That is. 


CBd'A=l+eot?A. 



(7) 



(8) 
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III. APPLICATION OP ALQEBRAIO SIGNS. 

TRIGONOMETRIC FUNCTIONS OF ANGLES 
IN GENERAL. 

22. In Geometry we are, as a rule, concerned with angles 
less than two right angles ; but in Trigonometry it is con- 
venient to regard them as unrestricted in magnitude. 




In the circle AA^\ let AA^\ and ^'-4'" be a pair of perpen- 
dicular diameters. 

Suppose a radius OB to start from the position OA^ and 
revolve about the point as a pivot in the direction of 0A\ 

When it coincides with 0A\ it has described an angular 
magnitude of 90° ; when it coincides with 0-4", of 180® ; 
with 0A'\ of 270° ; with OA, its starting-point, of 360° ; 
with OA! again, of 450° ; etc. We thus see that a signifi- 
cance may be attached to any positive angular magnitude. 

23. The interpretation of an angle as the measure of the 
amount of rotation of a moving radius, enables us to distin- 
guish between positive and negative angles. 

Thus, if a positive angle is taken to indicate revolution 
from the position OA in the direction of 0A\ a negative 
angle would naturally be taken as signifying revolution from 
the position OA^ in the opposite direction, or j»wards 0-4'". 



APPLICATION OF ALGEBRAIC SIGNS. J3 

That is, if the angles AOB and A OB' are each equal to 
30° iu absolute value, we should say that AOB = + 30°, and 
^OJ5' = -30°. 

We may thus conceive of negative angles of any magni- 
tude whatever. It is immaterial which direction we consider 
the positive direction of rotation; but having adopted a 
certain direction as positive, our subsequent operations must 
be in accordance. 

• 

24. The fixed line OA^ from which the rotation is sup- 
posed to commence, is called the initial line, and the final 
position of the rotating radius is called the terminal line. 

Either side of an angle may be taken as the initial line, 
the other being then the terminal line ; thus, in the angle 
AOB^ we may consider OA the initial line and OB the 
teiminal line, iu which case the angle is positive ; or we may 
consider OB the initial line and OA the terminal line, i*i 
which case the angle is negative. 

25. In designating an angle, we shall always write first 
the letter at the extremity of the initial line ; thus, in desig- 
nating the angle AOB^ if we regard OA as the initial line, 
we should call it AOB, and if we regard OB as the initial 
line, we should call it BOA. 

26. There are always two angles in absolute value less 
than 360°, one positive and the other negative, formed by a 
given initial and terminal line. 

Thus, there are formed by OA and OB' the positive angle 
AOB' greater than 270°, and the negative angle AOB' less 
than 90°. 

We shall distinguish between such angles by referring to 
them as "the positive angle AOB',"* and "the negative 
angle AOB','' respectively. 

27. It is evident that the terminal lines of two angles 
which differ by a multiple of 360° are coincident ; thus, the 
angles 30°, 390°, — 330°, etc., have the same terminal line. 
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RECTANGULAR CO-ORDINATES. 
Y 



X- 



a 



N 
a 

Pz(-Ka) 



R (b,a) 



O M 

a 



Pi9>,-a) 



28. Let XX' and FF' be a pair of straight lines at right 
angles to each other ; let Pi be any point in their plane, and 
draw PiM perpendicular to XX'. 

The distances OM and PiM are called the rectangular' co- 
ordinates of Pi with reference to the lines XX' and FF. 

OM is called the abscissa, and PiM the ordinate ; the lines 
XX' and TY^ are called the axes of X and F, respectively, 
and their intersection is called the origin, 

29. If in the above figure, OM^ 0N=: &, and the per- 
pendiculars PiM= P2-^= Pb^= PaM= a, the points Pi, Pg, 
Pg, and P4 will have the same co-ordinates. 

To avoid this ambiguity, the following conventions have 
been adopted : 

Abscissas measured to the right of are considered posi- 
tive, and to the leji, negative. 

Ordinates measured above the line XX' are considered 
positive, and below, negative. 

Then the co-ordinates of the four points will be : 



Point. 


Abscissa. 


Ordinate 


A 


b 


a 


A 


-& 


a 


A 


-b 


— a 


P, 


b 


— a 



APfLICATlOK OF ALGEBRAIC SlGNS. 15 

Note. In the figures of this chapter, the small letters denote the 
lengths of the lines, without regard to their algebraic sign. 

30. It is customaiy to denote the abscissa and ordinate of 
a point by the letters x and y, respectively. Thus the fact 
thiit the abscissa of a point is equal to b and its ordinate to 
a, is expressed by the saying that for the point in question 
x=b and y = a. 

The same fact may be stated more concisely by referring 
to the point as " the point (&, a)", where the first quantity 
in the parenthesis is understood to be the abscissa, and the 
second the ordinate. 

31. If a point lies upon the axis of X, its ordinate is 
zero ; and the same is true of the abscissa of a point upon 
the axis of T, 

GENERAL DEFINITIONS OF THE FUNCTIONS. 

32. We will now give general definitions for the trigono- 
metric functions, applicable to any angle whatever. 

Take the initial line as the positive direction of the axis of 
X, the vertex being the origin. 

Take any point in the terminal line, and construct its rec- 
tangular co-ordinates by dropping a peipendicular to the 
initial line, produced if necessary. 

Then, designating the distance of the assumed point from 
the origin as the " distance " of the point, 

The SINE is the ratio of the ordinate to the distance. 

The COSINE is the ratio of the abscissa to the distance. 
The TANGENT IS the ratio of the ordinate to the abscissa. 
The COTANGENT is the ratio of the abscissa to the ordinate. 
TJie SECANT is the ratio of the distance to the abscissa. 
The cosecant is the ratio of the distance to the ordinate. 

Note. These definitions include those of Art. 10. The definitions 
of the versed sine and coversed sine, given in Art. 11, are sufficiently 
general to apply to any angle whatever. 
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33. We will now apply the definitions of Art. 82 to the 
angles XOP^, XOP^, XOP^, and XOP^ in the following 
figures : 

Let Pi, P21 P^^ aiid P4 be any points on the terminal lines 
OPi, OP2, OPs, and OP4, and let their co-ordinates be (6, a) , 
(—6, a), (—6, —a), and (6, —a), respectively. 

Let OPi= OPa= 0P8= 0P4 = c. 

Then by the definitions, 




;P,(M) 

a 



sin XOPi = 
tanXOPi = 
sec XOPi = 



cos XOPi = - 



cot XOPi = -. 
a 

cscXOPi = -. 



a 







Bin XOPi = -• 

c 


co8X0A=-^= ^ 
c c 


tanXOP,= _«^= I 


eotXOPi=~^= ^ 
a a 


8ecX0P,= \= ^ 
— 


CSC XOP, = ^ 
a 



APPLICATION OP ALGEBRAIC SIGNS, 
r 
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8iiiX0P, = ^^ = - 



tanXOP» = ^= T 



sec XOPi 



-b 



-b 



a 
c 


c c 


a 
b 


cotX0P8='"^= -• 
— a a 


c 
b 


— a a 




c c 





sec XOP4 



P^Cb.-a) 



cos XOP4 



cotXOP4 = — = -- 

— a a 

cscX0P4 = -^ = --- 

— a a 



34. Since the temaiiial lines of two angles which differ by 
a multiple of 360° are coincident (Art. 27), it is evident that 
the trigonometric functions of two such angles are identical. 

Thus, the functions of 50°, 410°, 770°, - 310°, etc., are 
identical. 

It is customary to express this fact by saying that the 
trigonometric functions are periodic. 
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35. If the terminal line of an angle lies between OX and 
OF, the angle is said to be in the first quadrant; if between 
OF and 0X\ in the second quadrant; between OX' and OY', 
in the third quadrant; between OY' and OX, in the fourth 
quadrant. 

Thus, any positive angle between 0° and 90®, or between 
360° and 450°, or any negative angle between — 270® and 
— 360°, is in the first quadrant. 

Any positive angle between 90° and 180°, or between 450° 
and 540°, or any negative angle between — 180° and — 270°, 
is in the second quadrant. 

36. We observe, by inspection of the results in Art. 33, 
the following points in regard to the algebraic signs of the 
trigonometric functions iu the different quadrants : 

For any angle in the first quadrant all the functions are 
positive. 

In the second quadrants the sine and cosecant are positive, 
and tJie cosine, tangent, cotangent, and secant are negaJtive, 

In the third quadrant, the tangent and cotangent are posi- 
tive, and the sine, cosine, secant, and cosecant are negative. 

In the fourth quadrant, the cosine and secant are positive, 
and the sine, tangent, cotangent, and cosecant are negative, 

37. It is customary to express the foregoing principles in 
tabular form, as follows : 



Functions. 


First 
Quad. 


Second 1 Third 
Quad. , Quad. 


Fourth 
Quad. 


Sine and cosecant . . . 


+ 


+ i - 





Cosine and secant . . . 


■f 


— 


— 


+ 


Tangent and cotangent . 


-h 


— 


+ 


— 



APPLICATION OF ALGEBRAIC SIGNS. 
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FUNCTIONS OF 0°, 90°, 180°, 270°, AND 360°. 
38. To find the functions ofO"" and 360**. 

r 



a P(a.O)^ 



The terminal line of 0® coincides with the initial line OX. 
Let P be a point on OX, such that OP=^a. 
Then by Art. 31, the co-ordinates of P are (a, 0). 
Whence by definition, 



sinO^ = - = 0. 
a 



tan 0° = -= 0. 
a 



secO° = - = l. 
a 



cosO° = - = l. 
a 



cotO° = - = x. 




C8C0° = - = QO. 





By Art. 34, the functions of 360° are the same as those of 0° 
39. To find the functions of 90""' 



Y 



P(0,a) 



Let P be a point on OF, such that 0P= a. 
Then the co-ordinates of P are (0, a) , 
Whence by definition, 



sin 90° = - = 1. 
a 



tan90° = -=x. 




sec 90° = - = 00. 




cos 90° = - = 0. 
a 



cot90° = - = 0. 
a 



csc90° = - = l. 
a 
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40. To find the functions of 180° 

Y 



^':i 



P(-a,0) 



.MOP 



Let P be a point on OX', such that OP^ a. 
Then the co-ordinates of P are ( — a, 0) . 
Whence by definition, 



8inl80*' = - =0. 
a 



tan ISO** = = 0. 

— a 



sec 180° = = -1. 

— a 



cos 180° = --^= -1 
a 

cot 180° =^^ = 00. 



CSC 180° = - =00. 




41. To find the functions of 270°. 




O 
a 

P(0,-a) 



Let P be a point on OF', such that 0P=^ a. 
Then the co-ordinates of P are (0, — a). 
Whence by definition, 



sin 270° = —^= -1. 



tan 270° = —2= 00. 



cos 270° = - =0. 
a 

cot 270° = = 0. 

— a 



Bec2'' 



CSC 270° = - 



— a 



APPLICATION OF ALGEBRAIC SIGNS. 
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Note. No absolute meaning can be attached to such results as 
cot 0° = 00, tan 90° = oo, etc. The equation cotO° = oo merely signifies 
that as an angle approaches 0° as a limit, its cotangent increases with- 
out limit. 

A similar interpretation must be given to the equations esc 0° = oc, 
see 90° = oo, etc. 

FUNCTIONS OF (-^) IN TERMS OF THOSE OF A. 
42. To prove the formulce, 

sin(— ^)= —sin^, co8(— -4)= cos-4, ^ 

tan(— -4)= — tan^, , cot (—-4)= —cot .^1, > (9) 

8ec(— ^)= sec^, C8c(— ^)= — csc-4, J 
for any value of A. 

There will be four cases, according ad A is in the first, 
second, third, or fourth quadrant. 

In each figure, let the positive angle XOP (indicated by 
the full arc) represent the angle A, and the negative angle 
XOP* (indicated by the dotted arc) the angle (—A). 

Draw PP* perpendicular to XX' ; then the right triangles 
0PM and 0PM haVe the side OJf and the angle POM of 
one equal to the side OM and the angle POM of the other, 
and are equal. 

Whence, Pif = P'if and 0P= 0P\ 

Let PM= P'M=: a, 0M= 5, and OP=OP' = c. 



Cask I. A in the first qtmdrant, —A in the fourth. 

Y 

P(b,d) 




P'(b,-a) 
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By definition, we have : 



Angle. 


Sin. 


Cos. 


Tan, 


Cot. 


Sec. 


Csc. 


A 


a 


b 


a 


b 


C 


C 




c 


c 


b 


a 


b 


a 


--A 


a 


b 


a 


b 


c 


c 
















c 


c 


b 


a 


b 


a 



It is evident from the above that the cosine and secant of 
— A ar^ equal respectively to the cosine and secant of -4, 
while the sine, tangent, cotangent, and cosecant of —A are 
equal respectively to the negatives of the sine, tangent, co- 
tangent, and cosecant of A. 

Whence we obtain the formulae (9) . 

Case II. A iji the second quadrant^ —A in the third. 

Y 




AngU, 


Sin. 


Cos. 


Tan. 


Cot. 


Sec. 


Csc. 


A 


a 
c 


b 
c 


a 
b 


b 
a 


C 

b 


c 
a 


^A 


c 


b 
c 


a 
b 


b 
a 


c 
b 


c 
a 



Whence we obtain the formulae (9) as before. 
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C^dE in. A in the third quadrant^ —A in the second. 

Y 

a 




Angle. 


Sin. 


Cos. 


Tan. 


Cot. 


Sec. 


Csc. 


A 


a 


b 


a 


b 


c 


c 
















c 


c 


,b 


a 


b 


a 


-.4 


a 


b 


a 


b 


c 


c 




c 


c 


b 


a 


b 


a 



Whence we obtain the formulae (9) as before. 

Case IV. A in the fourth quadrant^ —A in the first. 
Y 

P'(b,a) 




Angle. 


Sin. 


Cos. 


Tan. 


Cot. 


Sec. 


Csc. 


A 


a 


b 


a 


b 


C 


c 


«_ — 


_ 


— — 


_ — 


— 


_„ 




c 


c 


b 


a 


b 


a 


-^ 


a 


b 


a 


b ' 


c 


c 
















c 


c 


b 


a 


b 


a 



Whence we obtain the formulse (9) as before. 
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43. The results of Art. 42 may be stated as foUowa: 

The sine^ cosine^ tangent^ cotangent^' secant^ and cosecant of 
a negative angle are equal respectively to the negative sine^ the 
costJie^ the negative tangent^ the negative cotangent, the secant^ 
and the negative cosecant, of the absoliUe value of the angle. 

FUNCTIONS OF (90° + ^) IN TERMS OF THOSE OF A, 

44. To prove the formuloi, 

sin ( 90° -h ^) = cos ^, cos ( 90° -h ul) = — sin A, 

cot(90°-|-^)=~tan^, 
csc(90° + -4)= sec^, ^ 



(10) 



tan(90° + ^)= -cot^, 
sec(90° + ^)= -csc^, 
for any value of A. 

There will be four cases, according as A is in the first, 
second, third, or fourth quadrant. 

In each figure, let the positive angle XOP (indicated by 
the full arc) represent the angle A, and the positive angle 
XOP' (indicated by the doUed arc) the angle (90° + ^). 

Lay oflf OP— 0P\ and draw PJbfand P'Jbf' perpendicular 
to XX'. 

Since OP and OM are perpendicular to OP' and P'M^ 
respectively, the angles POJf and OP'M' are equal. 

Then the right triangles 0PM and OP'M' have the hypote- 
nuse OP and the angle POM of one equal to the hypotenuse 
OP' and the angle OP'M' of the other, and are equal. 

Whence, PM= OM' and 0M= P'M'. 

Let PM=: OM' = a, 0M= P'M' = 6, and 0P= OP' = c. 

Case I. A in the first quadrant, 90° + u4 in the second. 




M' a 



APPLICATION OF ALGEBRAIC SIGNS. 
By definition, we have : 
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Angle. 


Sin. 


Cos. 


Tan. 


Cot. 


Sec. 


Csc. 


A 


a 


b 


a 


b 


C 


c 
















c 


c 


b 


a 


b 


a 


90^ -f^ 


b 


a 


b 


a 


c 


c 




c 


c 


a 


b 


a 


b 



It is evident from the above that the sine and cosecant of 
90® + J. are equal respectively to the cosine and secant of A, 
while the cosine, tangent, cotangent, and secant of 90® + -4 
are equal respectively to the negatives of the sine, cotangent, 
tangent, and cosecant of A, 

Whence we obtain the formulae (lo) . 

Case II. A in the second quadrant^ 90° 4- A in the third. 



1 


^-b,a) 


•• 




a 


\p.<: 






JM 


ft/^ 


^■ 


1 V 


' w 


\a / 









h 









P{-arh) 



Angle. 


Sin. 


Cos. 


Tan. 


Cot. 


Sec. 


Csc. 


A 


a 


b 


a 


b 


C 


c 




__ _ 


— — 





— _ 






c 


c 


b 


a 


b 


a 


90®+^ 


b 


a 


b 


a 


c 


— £ 




c 


c 


a 


b 


a 


b 



Whence we obtain the formulae (lo) as before. 
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Case III. A in the third quadrant^ 90® -|- A in the fourth. 




P(.b,^) 



P(a,-5) 



AngU, 


Sin, 


Cos. 


Tan, 


Cot. 


Sec. 


Csc. 


A 


a 


b 


a 


b 


c 


c 




c 


c 


b 


a 


b 


a 


90®+^ 


b 


a 


b 


a 


c 


c 




c 


c 


a 


b 


a 


b 



Whence we obtain the formulae (lO) as before. 

Case TV. A in the fourth quadrant, 90° + A in the first. 




P (fK-a) 



Angle, 


Sin. 


Cos. 


Tan. 


Cot. 


Sec. 


Csc. 


A 


a 


b 


a 


b 


c 


c 
















c 


c 


b 


a 


b 


a 


90"+^ 


b 


a 


b 


a 


c 


c 




c 


c 


a 


b 


a 


b 



Whence we obtain the formulae (lo) as before. 
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45. The results of Art. 44 may be stated in the follow- 
ing form : 

The sine^ cosine^ tangent^ cotangent^ secant^ and cosecant of 
any angle are equal respectively to the cosine^ the negative sine^ 
the negative cotangent^ the negative tangent^ the negative cose- 
cant^ and the secant, of an angle 90° less. 

46. To find the values of the functions of 90° ~ A in 
terms of those of A. 

By Arts. 45 and 42, we have : 

sin (90° — A)= cos ( — ^) = cos A. 
co8(90°— ^)= —sin (—-4)= sin -4. 
tan (90°- A) = -cot ( -iL) = cot A. 
cot (90°- A) = -tan (-A) = tan A. 
sec(90°-^)= — csc(-^)= csc-4. 
CSC (90° —A)= sec ( —A) = sec A. 

We have thus proved the formulae of Art. 14 for any 
value of A, 

47. To find the values of the functions of 180°— u4 in 
terms of those of A, 

By Arts. 45 and 46 we have : 

sin (180°-^)= cos (90°-^)= sin^l. 
cos (180°- ^) = - sin (90°- ^) = - cos A. 
tan (180°- ^) = - cot (90°- A) = -tan A, 
cot (180°- ^) = - tan(90°- ^) = - cot A 
sec (180°- ^) = - csc(90°- A) = - sec A. 
CSC (180°-^)= 8ec(90°-^)= csc^. 

Since the angles A and 180°—^ are supplements of each 
other, these formulae express the values of the functions of 
the supplement of an angle in terms of those of the angle 
itself. 
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48. To find the vcUties of the functions of 180"^ + A in 
terms of those of A, 

By Arts. 45 and 44, we have : 

sin (180**-!- A) = cos (90°+ ^) = - sin A. 

cos (180°+ A)= - sin ^90°+ A) = -cos A. 

tan (180°+ ^) = - cot (90°+ A) = tan A, 

cot (180°+^)= -tan (90°+^)= cot^. 

sec (180°+ A)=- CSC (90°+ A) = -sec^. 

CSC (180°+^)= sec (90°+^)= -esc A 

49. To find the values of the functions of 270°— J. in terms 
of those of A. 

By Arts. 45 and 47, we have : 

sin (270°- A) = cos (180°- ^) = - cos A. 

cos (270°- ^) = - sin (180°- A) = - sin A. 

tan (270°- -4) = - cot (180°- ^) = cot A. 

cot (270°- ^) = - tan (180°- ^) = tan A. 

sec (270°- ^) = - CSC (180°- A) = - esc ^. 

CSC (270°- A) = sec (180°- ^) = - sec ul. 

50. To find the valties of the functions of 270° + ^ in terms 
of those of A, 

By Arts. 45 and 48, we have : 

sin (270°+ A) = cos (180°+ ^) = - cos A. 

cos (270°+ ^) = - sin (180°+ A) = sin A. 

tan (270°+ ^) = - cot (180°+ ^) = - cot^. 

cot (270°+ A) = '- tan (180°+ ^) = - tan A. 

sec (270°+ul) = -csc(180°+^)= esc A 

CSC (270°+ A) = sec (180°+ ^) = - sec A. 
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SL. To find the values of the functions of 360**— -4 and 
360°+ A in terms of those of A. 

By Art. 34, the fanctions of 360°— A are the same as 
those of —A, and the functions of 360°+ A are the same as 
those of A. 

Whence by Art. 42, 

sin (360°— ^) = — sin^. cos (360°— A) = cos^. 

tan (360°- ^) = - tan^. cot (360°- ul) = - cot^. 

sec (360°- A) = sec^. esc (360°- ^) = - esc^. 

And, 

sin (360°+u4)= sin^. cos (360°+^)= cosA 

tan (360°+ A) = tan A. cot (360°+ A) = cot^. 

sec (360°+ A) = sec^. esc (360° + ^) = cqcA. 

52. The operation illustrated in Art. 51 may be extended 
indefinitely ; we should find for the angles 450°— A, 810°—^, 
— 270°— -d, etc., the same results as for 90°—^ ; and so on. 

53. The results of Arts. 42 to 52 may be expressed in the 
following rule, which is derived by inspection from the for- 
muke of Arts. 42 to 51 : 

Any function of 0°, or an even multiple of 90°, plus or 
minus Aj is the same function of A ; and any function of an 
ODD multiple of 90°^ plus or minus A, is the complementary 
function of A. 

To obtain the algebraic sign, regard A as an acute angle, 
and apply the table of Art. 37. 

1. Required the value of sec (990°+ ^) . 

Since 990° is an odd multiple of 90°, the absolute value of 
the result is csc^. 

And if A is an acute angle, 990°+^ is in the fourth quad- 
rant, in which the sign of the secant is positiye. 

Hence, sec (990°+ A) == csc^. 
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2. Required the value of tan (— 180*— A), 

Since 180® is an even multiple of 90®, the absolute value of 
the result is tan^. 

And if A is an acute angle, — ISO^—A is in the second 
quadrant, in which the sign of the tangent is negative. 

Hence, tan ( - 180®- ^) = - tan^l. 

EXAMPLES. 

Find the values of the functions of the following angles in 
terms of the functions of A : 
•3. 450°-^. 7. 630®-^. 11. -180®+^. 

4. 450° -f A 8. 900®- A 12. -180°-^. 

5. 540®-^. 9. -90°+^. 13. -270°+^. 

6. 540®+^. 10. -90®-^. 14. -720®+ A 

54. The functions of any positive or negative angle what- 
ever may be expressed in terms of the functions of an angle 
between 0® and 90®. 

1. Express sin 317® as a function of an angle between 0® 
and 90°. 

We have by the rule of Art. 53, 

sin 317®= sin (270®+ 47®) = - cos 47®, 
or sin 317®= 6in (360°- 43®) = - sin 43®. 

EXAMPLES. 

Express the following in terms of the functions of angles 
between 0® and 90®: 

2. cos 152®. 4. sec (-77®). 6. cot (-129°). 

3. tan 522®. 5. esc 230®. 7. sin 865®. 

Express the following in terms of the functions of angles 
between 0° and 45® : 

8. cot 83°. 10. sec 165°. 12. tan 520®. 

9. sin (-50®). 11. cos (-303®). 13. esc 768®. 
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55. The following table gives, for convenient reference, 
the functions of the angles 0% 30% 45^, 60**, 90**, 120**, etc- 

The values of the functions of 0% 30% 45% 60% 90% 180% 
270**, and 360** have already been proved in Arts. 16, 17, 38, 
39, 40, and 41 ; the others may be derived by aid of Art. 
53, and are left as exercises for the student. 

As an illusti*ation, we will give the proof for cot 150°. 

By the rule of Art. 53 : 

cot 150**= cot(180**- 30**) = - cot 30**= -v'i (Art. 17). 



Angk. 


Sin. 


Co*. 


Tan. 


Cot. 


Sec. 


C*c. 


0° 





1 





00 


1 


00 


30° 


* 


i^l 


i^ 


V3 


Iv^ 


2 


45° 


*V2 


ivi 


1 


1 


V/2 


v/2 


60° 


*V/3 


i 


V3 


iV3 


2 


Iv^ 


90° 


1 





00 





00 


1 


120° 


i^ 


-i 


-v^ 


-4^3 


-2 


lv/3 


185° 


*V2 


-i^ 


-1 


-1 


-v^ 


v/2 


150° 


i 


-iv/3 


-4V^ 


-v/3 


-4^3 


2 


180° 





-1 





00 


-1 


00 


210° 


-i 


-i\/3 


iv/3 


v/3 


-4v/8 


-2 


225° 


-i^ 


-i)/2 


1 


1 


-V/2 


-V/2 


240° 


-*V/3 


-i 


V3 


4^3 


-2 


-4V^ 


270° 


-1 





00 





00 


-1 


300° 


-i^ 


* 


-V/3 


-4s/8 


2 


-lv/3 


315° 


-iV2 


iVi 


-1 


-1 


V2 


-v/2 


830° 


-i 


i^ 


-iV3 


-v/3" 


iv^ 


-2 


360° 





1 





00 


1 


00 

1 



^2 
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56. ^ Given the value of one of the functions of an angle^ to 
find the values of the remaining functions, (Compare Art. 15.) 

3 

1. Given Biiiu4 = ; required the values of the remain- 
ing functions of A. 

The example may be solved by a method similar to that 
employed in Art. 15. 

Since the sine is the ratio of the ordinate to the distance, 
we may regard the poiut of reference as having its ordinate 
equal to —3, and its distance equal to 5. 

There are two such points, P and P', and consequently two 
angles^ XOP and XOP^ in the third and fourth quadrants 
respectively, either of which satisfies the given condition. 




Then OM^ OM' = ^OP'' - PM^ = ^25-9 = 4, and the 
co-ordinates of P are ( — 4, — 3), and of P', (4, — 3). 



Whence, cos XOP= - ■ 



cos XOP = -, 
5 



tan XOP = 71 

4 



tanXOP= -^ 



cot XOP = |» 

o 



sec XOP = - 
CSC XOP = - 



cot XOP' = --, 
3 

sec XOP' = -J 

4 

CSC XOP = - 5. 
3 
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Thus the two solutions to the example are: 



cos ^ = If - 
5 



tan^= ± 



3 



4 



4 ^^^^=±3 

5 5 

sec -4 = qc -9 esc ^ = — -i 

4 3 



where the upper signs refer to the angle XOP, and the lower 
signs to XOF', 

12 
2. Given cot A = — ; required the values of the remain- 
ing functions of A. 

12 

The equation may be written cot A = -; — - • 

— 5 

We may then regard the point of reference as having its 
abscissa equal to 12 and its ordinate equal to 5, or as having 
its abscissa equal to —12 and its ordinate equal to — 5 ; and 
there are consequently two angles, XOP and XOP^y in the first 
and third quadrants respectively, either of which satisfies the 
given condition. 

y 




Then 0P= OP* = \/0M^ -h JPJ»f ' = V^144 + 25 = 13. 



Whence, sin XOP= — i 
13 

cos XOP =—1 
13 

tan XOP = 4' 
12 

sec XOP =—. 
12 



CSC XOP = 



13 



sinXOP'=-— , 
13 

cosXOP'=-— , 
13 

tan XOP' = A' 
12 

sec XOP' =-^, 
12 

CSC XOP' =-i^. 
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Thas the two solutions are, 

5 12 5 

siii^=± — » cos-4 = ±— -1 tan^ = — -» 
13 13 12 

sec^ = ± — 1 C8c^ = ± — • 
12 5 



EXAMPLES. 
In each case find the values of the remaining functions : 

3. sin^ = ^. . 7. sec^ = -. 11. cos^ = --. 

4 3 6 

4. cot ^ = 2. 8. cos^=-i. 12. sin-4 = a;. 

2 

5. c8c^=--. B. e8c^=:V^. 13. cot-4 = i. 

2 X 

6. tan^=-— . 10. tan^ = 2V^. 14. 8ec^=^^SF. 

15 a 

PROOFS OF THE FUNDAMENTAL FORMUKffl FOR ANY 

ANGLE. 

57. We have from the general definitions of Art. 32, 

• A .. A ordinate ,, distance . 

sm ^ X CSC ^ = — X — = 1. 

distance ordinate 

^^o A ^ c^r. A abscissa ^ distance . 

cos A X sec A = X =1. 

distance abscissa 

. A ^ ^r.4r A ordinate ^ abscissa - 

tan^ X cot-A = — X =1. 

abscissa ordinate 

Whence we obtain, as in Art. 18, 

sin^ = -1 tan^= -» sec^= ? 

CSC A cot A cos A 

cos A = 1 cot A = J CSC A = - 



sec A tan A sin A 
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58. To prove the foi'mulcB^ 

&i.v?A + Qo^^A = 1, 8ec* J. = 1 + tan*^, esc* J. = 1 + cot* ^4, 

for any value of A, 

Since the distance of the point of reference is the hypote- 
nuse of a right triangle whose sides are equal to the absolute 
values of the abscissa and ordinate, we have by Geometry, 

(ordinate)* 4- (abscissa)* = (distance)*. 

This may be written in the foi-ms, 



/ordinate V, / abscissaV ^ - 
\distance/ ^distance/ 



/distance\* ^ , ^^ordmaceV 
3issa/ 



\abscissay \abscissa/ 

and /distance^ 



eY_ 4 / abscissa V^ 
e/ \0Ldinate/ 



\ordinate^ 
Hence for any value of A, we have 
sin* -4 + cos*^ = 1 , sec*^ = 1 -h tan* -4. o«c*-4 =» ^ f cot* -4. 

59. To prove the formulce 

A sin A J, . A cos A 
tan ^ = ^==^ and cot A =» VV^:^, 

cos^ 9\nA 

for any value of A, 

By definition, ordinate 

ordinate distance sin A 



tanu4 = 



abscissa abscissa cos -4 
distance 



and abscissa 

, A abscissa distance cos^ 

cot ^ = — = — -t: — 7- = -: — 7* 

ordinate prdinate sm A 

distance 
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IV. MISCELLANEOUS THEOREMS. 

TO EXPRESS EACH OF THE SIX PRINCIPAL FUNCTIONS 
IN TERMS OF THE OTHER FIVE. 

60. The following table expresses the value of each of 
the six principal functions in terms of the other five : 



sin 
cos 
tan 

cot 
sec 

CSC 


... 




tan 


1 

V^l + COt2 

cot 




1 

CSC 


V^sec2-1 
sec 

J_ 

sec 


V^l - cos^ 

Vl - cos2 
cos 

COS 


V^ + tan2 

1 


V^C8C2-1 


Vl - sin2 

sin 
Vl - sin2 


V^l + tan2 

J_ 
tan 


V^i + C0t2 

cot 

Vl + C0t2 

cot 


CSC 

1 


V^8ec2 _ 1 

1 


V/CSC2-1 


V^l - sin2 
sin 

1 


V^C8C2-1 
CSC 


V^l - C0S2 

1 

COS 

1 

\^1 - COS2 


V^sec2 - 1 
sec 


Vl + tan2 


V^l - sin2 
sin 


\^CSC2-1 


y/l + tan2 


Vl + COt2 


tan 


V^sec2 - 1 



The reciprocal foiins were proved in Art. 57 ; the others 
may be derived by aid of Ai-ts. 57, 58, and 59, and are left 
fis exercises for the student. 

As an illustration, we will give a proof of the formula 

CSC -4 
By Art. 58, cos A = ^1 - sin^^ 



= wl 



j; 



1 ^ y/cscM-l 
csc^ A CSC A 
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LIMITING VALUES OF ^^ AND ^^' 

X X 

6L To find the limiting values of the fractions 



tana; 



sin a; 

X 



and 



? as X approaches the limit 0. 



X 

Note. We suppose x to be expressed in circular measure (Art. 4). 

P 




Let OPXP' be a circular sector ; draw PT and PT tan- 
gent to the arc at P and -P, and join OT and PP'. 
By Geometry, PT=PT. 

Then OT is perpendicular to PP' at its middle point JIf, 
and bisects the arc PP' at X. 

Let Z XOP = Z XOP' = X. 

By Geometry, arc PP > chord PP, and < PTP. 

Whence, arc PX > PM, and < PT, 

Therefore, 



^EoPX PM^ and<^, 
OP OP OP' 



or, by Art. 5, circ. meas. x > sin a, and < tana. (a) 

Representing the circular measure of a; by a simply, and 
dividing through by sin «, we have 



X 



That is, 



sma; 
sin a; 



>1, and<^or 



1 



sm X 



cos a; 



X 



< 1 , and > cos x. 
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But as X approaches the limit 0, cos x approaches the hmit 
1 (Art. 38). 



Hence, 



X 



approaches the limit 1 as ^ approaches 0. 



Again, 
But eac 
Hence, 



tana; 



sin X sin x 1 
X 



X X cos X X COS X 

But each factor approaches the limit 1 as a; approaches 0. 
- approaches the limit 1 as a; approaches 0. 



LINE VALUES OF THE TRIGONOMETRIC FUNCTIONS. 

62. Let AOB be any angle. 
Y 





With as a centre, and a radius equal to 1, describe the 
circle AB ; draw BD and AE perpendicular to XX', and 
CF perpendicular to YY\ 

Then by Art. 32, the functions of AOB are : 
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• 


Sin. 


Cos. 


Tan. 


Cot. 


Sec. 


Csc. 


Fig. 1 
Fig. 2 
Fig. 3 
Fig. 4 


BD 
OB 
BD 
OB 
BD 
OB 
BD 
OB 


OD 
OB 
OD 
OB 
OD 
OB 
OD 
OB 


BD 
OD 
BD 
OD 
BD 
OD 
BD 
OD 


OD 
BD 
OD 
BD 
OD 
BD 
OD 
BD 


OB 
OD 
OB 
OD 
OB 
OD 
OB 
OD 


OB 
BD 
OB 
BD 
OB 
BJ) 
OB 
BD 



But since the right triangles OBD, OEA, and OCF &ve 
similar, and OA = 00= 1, we have, 



OD OA 

9R=^=CF 

BD 00 



OD OA 

OB_0F_f.„ 

BD-OC-^^- 



Whence, since 0B= 1, the functions of AOB are : 





Sin. 


Cos. 


Tan. 


Cot. 


Sec. 


Csc. 


Fig. 1 


BD 


OD . 


AE 


CF 


OE 


OF 


Fig. 2 


BD 


-OD 


-AE 


-CF 


-OE 


OF 


Fig. 3 


-BD 


-OD 


AE 


CF 


-OE 


-OF 


Fig. 4 


-BD 


OD 


-AE 


-CF 


OE 


-OF 



That is, if the radius of the cirde is unity ^ 

The sine is the perpendicular drawn to XX' from the 
intersection of the circle with the terminal line. 

The cosine is the line drawn from the centre to the foot 
of the sine. 

The tangent is that portion of the geometrical tangent to 
the circle at its intersection with OX included between OX 
and the terminal line, produced if necessary. 
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The cotangent is that portion of the geometrical tangeut po 
the circle at its intersection with Y included between O Y 
and the terminal line, produced if necessary. 

The secant is that portion of the terminal line, or terminal 
line produced, included between the centre and the tangent. 

The cosecant is that portion of the terminal line, or tei*minal 
line produced, included between the centre and the cotangent. 

And with regard to algebraic signs, 

Sines and tangents measured above XX' are positive^ and 
below^ negative ; cosines and cotangents measured to the 
right of YY' are positive, and to the left, negative; secants 
and cosecants measured on the terminal line itself are posi- 
tive, and on the terminal line pi^oduced, negative, 

63. The above are called the line values of the trigono- 
metric functions. They simply represent the values of the 
functions when the radius is unity ; that is, the numerical 
value of the sine of an angle is the same as the number 
which expresses the length of the perpendicular drawn to 
XX' from the intersection of the circle and terminal line. 

64. To trace the changes in the six principal trigonometric 
functions of an angle as the angle increases from 0° to 360°. 




Let the terminal line start from the position OA, and 
revolve about as a pivot in the direction of Y, occupying 
successively the positions OB,, OB.. OC, OB^, OB^, etc. 



MISCELLANEOUS THEOREMS. 41 

Then since the sine of the angle commences with the value 
0, and assumes in • succession the values -B^Di, JBaA? OC^ 
B^D^, BJ)^^ etc. (Art. 60) , it is evident that as the angle 
increases from 0° to 90°, the sine increases from to 1 ; from 
90° to 180°, it decreases from 1 to ; from 180° to 270°, it 
decreases (algebraically) from to — 1 ; and from 270° to 
360°, it increases from —1 to 0. 

Since the cosine commences with the value 0-4, and as- 
sumes in succession the talues OZ>i, OZ>25 0? — 0/>3, — 0Z>4, 
etc., from 0° to 90°, it decreases from 1 to 0; from 90° to 
180°, it decreases from to -1 ; from 180° to 270°, it in- 
creases from — 1 to ; and from 270° to 360°, it increases 
from to 1. 

Since the tangent commences with the value 0, and as- 
sumes in succession the values AEi^ AE^^ oo, — AE^^ 
—AE^i etc., from 0° to 90°, it increases from to oo ; from 
90° to 180°, it increases from — oo to ; from 180° to 270°, 
it increases from to oo ; and from 270° to 360°, it in- 
creases flrom —00 to 0. 

Since the cotangent commences at oo, and assumes in suc- 
cession the values CFi, CFs, 0, — CFg, — CjF;, etc., from 0° 
to 90°, it decreases from oo to ; from 90° to 180°, it de- 
creases from to — 00 ; from 180° to 270°, it decreases from 
00 to ; and from 270° to 360°, It decreases from to — oo. 

Since the secant commences at OA^ and assumes in suc- 
cession the values O^i, OE^^ oo, —OE^, —OE^^ etc., from 0° 
to 90°, it increases from 1 to oo ; from 90° to 180°, it increases 
from —00 to — 1 ; from 180° to 270°, it decreases from— 1 
to — 00 ; and from 270° to 360°, it decreases from oo to 1. 

Since the cosecant commences at oo, and assumes in suc- 
cession the values Oi^i, OF^, OG, OF^, OF^, etc., from 0° to 
90°, it decreases from oo to 1 ; from 90° to 180°, it increases 
from 1 to 00 ; from 180° to 270°, it increases from — oo to 
— 1 ; and from 270° to 360°, it decreases from — 1 to — oo. 

Note. Wherever the symbol oo occurs in the foregoing discussion, 
H must be interpreted in accordance with the Note to Art, 41. 
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V. GENERAL FORMULA. 

65. To find the values of sin {x + y) and cos {x + y) in 
terms of the sines and cosines of x and y. 




Let AOB and BOC denote the angles x and y^ respec- 
tively ; then, AOC = a; -|- y. 

From any point G in OC draw CA and CB perpendicular 
to OA and OB ; and draw BD and BE perpendicular to OA 
and AG. 

Since EG and BG are perpendicular to OA and 0J3, the 
angles BGE and ^OB are equal ; that is, BGE = x. 

We then have 

^^K TV) Q^ ^^ OG^ OG 



But 



and 



BD BD^OB 

Tr77 = -7r^ X -7r::;=8ina;co8y, 

OC OB OG ^ 

GE GE BG 

— — = — — X — — = cosa; sin V. 
OG BG OG ^ 



Whence, sin (x+y) = sin x cos y + cos x siny . 

OD 



(11) 



. . . ^ . 0-4 OD-BE 

Again, cos(aj -h y) = — = — ^^ — 



OG 



BE 
OG 



But 



and 



OD OD^OB ^^^^„^,„ 

00=05'' 00= "^'''^'^' 

^ = l?X^=sin.siny. 
OG BG OG ^ 



Whence, cos {x + y)= cos aj cos y — sin a? sin y . 



(12) 
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66. To find the values of sin {x — y) and cos (a? — y) in 
terms of the sines and cosines of x and y. 




Let AOB and BOC denote the angles x and y, respec- 
tively ; then, AOC =zx — y. 

From any point C in 00 draw OA and OB perpendicular 
to OA and OB ; also, draw BD perpendicular to OA^ and 
BE perpendicular to AC produced. 

Since EO and BO are perpendicular to OA and OB, the 
angles BCE and AOB are equal ; that is, BGE = x. 

We then have 

AC BD-CE ^BD CE 

oc 



sin(aj~y) = 



oc 



OC 



But 



and 



OC 

BD BD OB 

= X = sin a? cos v< 

OC OB OC ^' 

CE CE BO 



Whence, sin (a — y) = sinaj cosy — cos a? sin y. 

. . , . OA OD + BE OD , BE 

Again, cos(a.-y) = _=— ^^ = —4-^' 



(13) 



But 



and 



OD OD OB 

BE BE^BC 

= X — = sin X sm v» 

00 BG oc " 



Whence, cos(a! — y)= coso; cosy + sin a; sin y. 



(14) 
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C7. The fundamental fonnulaB of Artd. 65 and 66 are of 
great importance, and it is necessary to prove that they hold 
for all values of x and y. 

It is obvious that the proof of Art. 65 is not general, for 
we have assumed in the construction of the figure that x and 
y are acute angles, and that x + y is < 90°. Also, in Art. 
66, we have taken x and y as acute angles, and x>y. 

In order to prove* the formulae universally, we will first 
show that (ii) and (12) hold for all values of x and y, and 
we can then give a general proof of (13) and (14). 

68. We will first prove (11) and (12) when x and y are 
acute, and X'\-y> 90°. 




O D 



Let DOB and BOC denote the angles x and y, respec- 
tively ; then, DOC = 05 -f y. 

From any point C in OC draw CB perpendicular to OB, 
and CA perpendicular to OD produced ; and draw BD and 
BE perpendicular to OD and AC. 

Since EC and BC are perpendicular to OD and OJB, the 
angles BCE and DOB are equal ; that is, BCE = x. 

We then have, by Art. 32, 

sin/>00=^=^^±^ = ^4-^. 

OC OC oc^oc 



But 
and 



BD BD^OB . 

OE CE ^ BC 

= — X — = cos X sin y. 

OC BC OC ^ 



Whence, 8in(a; -|- y) = sin a; cosy -h cos a; siny. 



Again, cos DOG 
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-0^ OD^BE OD BE 



00 00 00 00 



^ . OD OD OB 

But — = — X — — = cos X cos t/% 

00 OB 00 ^""•^^"'*^' 

, . BE BE BO . . 

Whence, cos (a? -\-'y) = cos x cos y — sin x sin y. 

69. We have thus proved (ii) and (12) when x and y 
are any twq acute angles; or, what is the same thing, when 
they are any two angles in the first quadrant. 

Now let a and h be any assigned values of x and y for 
which (11) and (12) are true ; then by Art. 44, 

sin [90^-1- (a + 6)] = cos (a -h 6) 

= cos a cos 6 — sin a sin 6, by (12) ; ( a) 
and, 

cos [90°+ (a + 6)] = - sin (a -h 6) 

= — sin a cos 6 — cos a sin 6, by (11). (b) 
But by Art. 44, 

cos a = sin (90° -h a) , cos 6 = sin (90°+ 6) , 

— sin a = cos (90°+ a) , — sin 6 = cos (90°+ b) . 

Hence (A) may be written in the forms, 

sin [(90°+ a) + 6] = sin (90°+ a) cos 6 + cos (90°+ a) sin 6, 

sin [a + (90°+ 6)] = sin a cos (90°+ b) + cos a sin (90°+ b) , 

both of which are in accordance with (11) . 
Aiid (b) may be written in the forms, 

cos [(90°+ a) + 6] = cos (90°+ a) cos 6-sin (90°+ a) sin 6, 
cos [a + (90°+ 6)] = cos a cos (90°+ b) -sma sin (90°+ 6) , 

both of which are in accordance with (12). 

It follows from the above that if (11) and (12) hold for 
any assigned values of x and ^, such as a and 6, they also 
hold when either a or & is increased by 90°. 
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But they have been proved to hold when both x and y are 
in the first quadrant ; hence they also hold when a; is in the 
second quadrant and y in the first. And since they hold 
when X is in the second quadrant and j/ in the first, they also 
hold when x is in the third quadrant and y inihe first ; and 
so on. 

Thus (ii) and (12) are proved to hold for any values of 
X and y whatever, positive or negative. 

70. We may now give a general proof of (13) and (14) . 
By (11) and (12), we have 

sin (a? — y) = sin [« + (— y)] 

= sina; cos ( — y) + cos a? sin(--y) 
= sin X cos y — cos x sin y (Art. 42) . 
And, cos (a? — y) = cos [a -|- ( — y)] 

= cos X cos( — y) — sin x sin( — y) 
= cos X cos y + Huix sin y (Art. 42) . 

Hence (13) and (14) hold for all values of x and y, for 
the above proof depends on formulae which have been shown 
to hold universally. 

71. By Art. 20, we have 

sin (a? -1-2^) 

tan (x + y) = — 7 — ; — { 

^ ^^^ cos(aj-i-y) 

sinx cosv + cosa; sinv , , v ,, x 

= ^-^ — ; ^-^» by (11) and (12) 

cosaj cosy — sma? siny ^^ ^ ' ^ ' 

Dividing each term of the fraction by cos x cos y, 

sin X cos y cos x sin y 

cosa? cos y cos x cos y 

tan (x + y) = : :— ^ 

^ ^ cosajcosy sma; siny 

(15) 



COS X COS y cos x cos y 
tan X -f- tan y 



1 — tan X tan y 
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In like manner, we derive 

tan X — tan y 



tan 



<'^-y) = l+tanxtaiiy - <«> 



Again, by Art. 20, we have 

cot (a? +y) = -T—y — — ^ 
^ ^ ^^ 8in(aj + y) 



cos X cos 2^ — sm a; sin y 



by (ii) and (12). 



(17) 



sm X cos 2/ + cos X sin 2^ 

Dividing each term of the fraction by sin a; siny, 

cos X cos y sin x sin y 

sin a? siny ~ sinaj sint/ 

cot (a? + y) = -: ' — :— ^ 

^ ^ ' sm 05 cos y cos a? sin y 

sin aj sin y sin aj siny 

cota? coty — 1 
"" coty + cotaj ' 

In like manner, we derive 

,, . cotajcoty+l . , 

cot (a? — y) = — 7 ^"7 — (18) 

^ ^^ coty — cotaj ^ ^ 

72. From (ii), (12), (13), and (14), we obtain 
sin (a + b) = sin a cos b + cos a sin 6, 
sin (a — 6) = sin a cos b — cos a sin &, 
cos (a -h 6) = cos a cos 6 — sin a sin 6, 
cos (a — 6) = cos a cos & + sin a sin 6. 

Whence, by addition and subtraction, 

sin (a + 6) + sin (a — 6) = 2 sin a cos &, 
sin (a -h 6) — sin (a — 6) = 2 cos a sin &, 
cos (a -h 6) -h cos (a — 6) = 2 cos a cos &, 
cos (a -h 6) — cos (a — 6) = — 2 sin a sin &. 
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Let a + &=ar, and a — h = y. 

Then, a = i{x + y),eind 6 = i(aj — y). 

Substituting these values, we have 

sinaj-h8iny= 2sin^(» + y) co8|(« — y), (19) 
sin a? — sin y = 2coai(x + y) sin ^(a; — y) , (20) 
cos a; -h cos y = 2coai(x + y)co»i(x — y)^ (2l) 
cos a? — cos y = —2 sin ^(x + y) sin i(x — y). (22) 

73. Dividing (19) by (20) , we obtain 

siii X'\-siny _ 2 sin j^(a? + y) cos ^(a? — y) 
sinaj — siny 2oos^(a; + y) sini(aj--y) 

= tan|(aj + y) cot ^(a? — y) 

= *55K^±yi (Art. 18). (23) 

t&ni{x-y) 

FUNCTIONS OF 2r. 

74. Putting y = a; in (11) , we have 

sin 2a; = sin x cos x + cos a; sin x 

= 2 sin a; cos x. (24) 

Putting y = a? in (12) , 

cos2a? = cos^a? — sin^a;. (25) 

Since cos* a; = 1 — sin^a?, and sin*a;= 1 — cos* a; (Art. 19) , 
we also have 

cos 2a; = 1 — sin* a? — sin* a? =1—2 sin*ic, (26) 
and cos 2 a? = cos* aj — (1 — cos* «)= 2 cos* x — 1. (27) 

In like manner, from (is) and (17) , we have 

+«^o^ 2 tan a? . v 

^ cot 2x = 52^^111. (29) 

2 cot a! ^ ' 
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FUNCTIONS OF ix. 

75. From (26) and (27) , we have 

2sin*aj= 1 — co82a;,.aQd 2co8*a5= 1 +coB2a;. 
Writing x in place of 2x, and therefore ^a? in place of a?, 

2sin2*^a;=l — cosajjand 2cos*iaj= 1 + cos a?. (A) 
Dividing by 2, and extracting the square root, 



sm 



cosix^^I±^^. (31) 

Dividing (30) by (3l), we obtain 

tania^= (LE^. (32) 

\ 1 -h cos a? 

Multiplying the terms of the fraction under the radical sign 
first by 1 4- cos a?, and then by 1 — cos a?, we have 



tan I- 



=4 



(1 4-cosaj)^ 



sm^ X _ sm a? 
(1+cosa;)* l + cosa? 



(33) 



and tan ix = 1 (1- cos ar)' 

\ 1 — cos*!r 

\ sm^a? sma; 

And since the cotangent is the reciprocal of- the tangent, 

cot iaj = i+^ ^ _8in^. (35) 

sin a; 1 — cos x 

Note. The radical in each of the formulaB (30), (31), and (38) u 
to be taken as positive or negative according to the quadrant in which 
the angle ^x is situated (Art. 87). 
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INVERSE TRIGONOMETRIC FUNCmONS. 

76. The expression sin"*y, called the inverse sine of y, or 
the anti-sine of y, is used to denote the angle whose sine is 
equal to y. 

Thus the fact that the sine of the angle x is equal to y may 
be expressed in either of the ways 

sin xsszy^ or aj = sin~* y. 

In like manner, the expression cos~^2^ signifies the angle 
whose cosine is equal to y ; tan~^ y, the angle whose tangent 
is equal to y, etc. 

Note. The student must be careful not to confuse this notation 
with the exponent —1; the —1 power of sin a: is expressed (sinx)-^, 
and not sin-^x. 

77. By aid of the principles of Art. 76, any relation in- 
volving direct functions may be transformed into one involv- 
ing inverse functions. 

Take for example the formula 

sin {x + y) = sin a? cos y + cos a; sin y. (a) 
Let sin x = a, and sin y = b. 

Then by Art. 76, x = sin"^ a, and y = sin"^ 6. 



Also by Art. 19, cos a? = y/l — sin^ a?. 



and cos y = y 1 — sin* y. 

Putting sin aj = a, and sin y = 6, we have 



cos a; = \/l — a', and cos y = y^l — 6*. 
Substituting these values in (a) , 



sin (sin-^ a + sin"^ 6) = a v/l - ^^ -h ^ V/l — aK 
Whence by Art. 76, 



sin-^ a -h sin-^ b = sin"^ (a y/l— 6^ -j. 5 y/i — a*) . 
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EXERCISES. 

78. 1. Prove the relation cob 2 a? = — tan a? 

l+tan*a? 

By (25) , cos 2x= cos^a? — sin* a? 

= 55^^^!^ (Art. 19). 
cos^a -f sin^aj 

Dividing each term of the fraction by cos* a?, wiB have 

1 _ s^n*a? 

- cos^a; 1 — tan*aj 

cos 2x = - 



1 -I- sin* a? 1 -h tan*a; 



cos' a? 

2. Prove the relation ?15^^.^±-?iH^ = tan 3 a?. 
cos5a; + cosa; 

By (19) and (21), 

sin 5a? + sin x _ 2sin i(5x-\-x) cos4^(5a? — a?) 
cos5aj + cosaj 2 cos ^(5 a? -fa;) cos^(5a; — a;) 

sin 3 a? . „ 

= = tan 3 X, 

cos 3 a; 

Prove the following relations : 

« sin(a? + y) _ tan x -f tan y 
sin(a? — y) tan x — tan y 

M co^(x-\-y) _ cot a; cot y — 1 ^ 
cos(aj — y) cot x cot y-\-l 

5 sin (a? + .y) _^ 1 + cot x tan y 
cos (a? — y) cot a? -f tan y 

6. sm(45°+y)= »^°y+_°°»y . 

>/2 

7. taD(60<'-y)= ^-to"y . 

1 + V3 tan y 

8. !iSL^+5i^ = tani(a. + y). 
COS a? -f cos y 



62 PLANE TRIGONOMETaY. 

COS X — COS y 

- ^ . rt 2 tan X 

10. siii2x -^w*"-" 



1 -f lan^a; 

11. c&c 2a; = |sec a; esc x. 

2 

12. tan a? + cot a? = -7- 



siu 2 a; 

13. cota; — tana;= 2cot2aj. 

14. (l+tana;);^(l-tana;);^^.^g^^ 
(l+tana;)2-f (l-tana?)* 

16. sin (x -f y) sin (a? — y) = sin*aj — sin'y. 

16. cos {x -h y) cos (a; — y) = cos* a? — sin'y. 

17. sec^a; csc^aj = sec^a; + csc^aj. 

18. cosy -h cos (120° -fy)+ cos (120° -y)=0. 

19. sin^sin(5-<7) + sinJ5sin(G-^) 

-f sinC7sin(^~J5) = 0. 

20. cos(^4-J5) cos(^~S) + co8(J5+0)cos(5-<7) 

+cos((7+^)cos(C-^)=cos2^4-co62-B+cos2(7. 

21. ^^^^^I^^ = t^n2x. 
sin 3 a; — sin x 

go cos 80° + cos 20° ^w^ 
* sin 80° -sin 20° ' 

By putting x = x-\-y and y = z in (ii) and (12) , Art. 65, 
prove : 

23. sin (x + y + z) = sin a? cosy cosa; -f cosa; siny cos« 

-f cos a? cosy sin 2; — sin a? siny sin 2. 

24. cos {x + y-\-z) = cosa? cosy cos2; — sina; siny cos» 

— sina? cosy sina: — cos a; siny sin«. 
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By putting x=2x and y = x in (ii), (12), and (15), 

prove : 

« 

25. sin 3 a; = 3 sin a; — 4 sin^a;. 

26. cos3aj=4cos^aj — 3cosa;. 

27. tan3a^ = ^^^°^-y^. 

l~3tan*aj 

Prove tlie relations : 

28. sin (2x+y) — 2 sina; cos (x + y)=^ sin 2^. 

oA sin3g? cos3a? _g 
sin X cos X 

30. 1 4- cos 2 X cos 2y = 2 (sin^o: sin^y + cos^a? cos'i/) . 

31. 1 + tana? tan 2aj= sec 2aj. 

32. sin 4 a? = 4 sin aj cos a; — 8 si n^ a; cos a?. 

33. cos 4 a? = 8 cos* a?— 8 cos* a? -hi. 

34. sin 5a; = 5sinaj — 20sin^aj-f 16sin*aj. 

36. By putting a; =45° and y = 30° in (13) and (14), Art 
66, prove 

sin 15° = i (^^6 - V^) = cos 75°, 
cos 15° = i (V^ + \/2) = sin 75°. 

36. By putting aj = 30° in (34) and (35), Art. 75, prove 

tan 15° =^2-^3 = cot 75°, 
cot 15°= 2 + ^3 = tan 75°. 

37. By putting a? = 45° in (30) and (31), Art. 75, prove 

sin22°30' = jV2~\^, cos22°30' = ^^2 + ^. 

38. By putting a? =45° in (34) and (35), Art. 75, prove 

tan22°^30' = V^-l, cot22°30' = \^ + 1. 
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VI. LCXJARITSMS. 

79. Every positive number may be expressed, exactly oi 
approximately, as a power of 10 ; thus, 

100=10*; 13=10»^«--; etc. 

When thus expressed, the corresponding exponent is 
called its Logarithm to the base 10 ; thus, 2 is the logarithm 
of 100 to the base 10, a relation which is written 

logio 100 = 3, or simply log 100 = 2. 

And in general, if 10* = m, then x = log m. 

80. Any positive number except unity may be taken as 
the base of a system of logarithms; thus, if a' = m, then 
X = log, m. 

Logarithms to the base 10 are called Common Logarithms, 
and are the only ones used in numerical computation. 
If no base is expressed, the base 10 is understood. 

81. We have by Algebra, 

10°= 1, 10-^ = i'ir =•!. 

10^ = 10, io-' = Tk =-01, 

10* = 100, 10 -3 = y^Vir = -001, etc. 

Whence, by the definition of Art. 79, 

log 1 = 0, log .1 = -1 = 9 - 10, 

log 10 = 1, log .01 = -2 = 8-10, 

log 100 = 2, log .001 = -3 = 7 - 10, etc. 

Note. The second form of the results for log.l, log .01, etc., is 
preferable in practice. 

82. It is evident from Art. 81 that the logarithm of a 
number greater than 1 is positive, and that the logarithm of 
a number between and 1 is negative. 
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83. If a number is not an exact power of 10, its common 
logarithm can only be expressed approximate!}' ; the integral 
part of the logarithm is called the characteristic, and the 
decimal part the 7nanti8sa. 

For example, log 13 = 1.1139. 

In this case the characteristic is 1, and the mantissa .1139. 

84. It is evident from the first column of Art. 81 that the 
logarithm of any number between 

1 and 10 is equal to plus a decimal ; 
10 and 100 is equal to 1 plus a decimal ; 
100 and 1000 is equal to 2 plus a decimal ; etc. 

Hence, the characteristic of the logarithm of a number 
with one figure to the left of its decimal point, is ; with 
two figures to the left of the decimal point, is 1 ; with three 
figures to the left of the decimal point, is 2 ; etc. 

85. In like manner, from the second column of Art. 81, 
the logarithm of a decimal between 

1 and .1 is equal to 9 plus a decimal — 10 ; 
.1 and .01 is equal to 8 plus a decimal — 10 ; 
.01 and .001 is equal to 7 plus a decimal — 10 ; etc. 

Hence, the characteristic of the logarithm of a decimal 
with no ciphers between its decimal point and first significant 
figure, is 9, with —10 after the mantissa; of a decimal with 
one cipher between its point and first figure, is 8, with —10 
after the mantissa ; of a decimal with two ciphers between 
its point and first figure, is 7, with —10 after the mantissa ; 
etc. 

86. For reasons which will be given hereafter, only the 
mantissa of the logarithm is given in tables of logarithms of 
numbers ; the characteristic must be supplied by the reader. 

The rules for characteristic are based on Arts. 84 and 85 : 
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I. Jf the number is greater than 1, the characteristic is 1 
lesa^ than the number of places to the left of the decimal point. 

II. If the number is between and 1, subtract the number 
of ciphers between the decimal point and first significant figure 
from 9, writing —10 after the mantissa. 

Thus, characteristic of log 906328.5 = 5 ; 

characteristic of log .007023 =7, with —10 after 
the mantissa. 

Note. Some writers, in dealing with the characteristics of negative 
logarithms, combine the two portions of the characteristic, writing the 
result as a negative characteristic before the mantissa. 

Thus, instead of 7.6036 — 10, the student will frequently find ¥.6036, 
a minus sign being written over the characteristic to denote that it 
alone is negative, the mantissa being always positive. 



PROPERTIES OF LOGARITHMS. 

87. In any system^ the logarithm of unity is zero. 
For since a° = 1 , we have log, 1 = (Art. 79) . 

88. In any system^ the logarithm of the base itself ^ unity. 
For since a^ = a, we have log, a = 1 . 

89. In any system whose base is greater than unity^ the 
logarithm of zero is minus infinity. 

For if a is > 1, we have a"* = — = — = 0. 
Whence by Art. 79, log^O = — oo . 

90. In any system^ the logarithm of a product is equal to 
Qie sum of the logarithms of its factors. 

Assume the equations 

a* = m) , , . ^ -^ faj = logam, 

\ ; whence by Art. 79, -^ ^" ' 

c^^n ) ' ly = log«»*. 



LOGARITHMS. 67 

Multiplying, we have 

a' xo?^ mn, or a*+' = mn. 
Whence, log, mn = a; -H y. 
SubstitutiDg the values of x and y, we have 

log» mn = log« m + log. w. 

In like manner, the theorem may be proved for the product 
of three or more factors. 

91. By aid of the theorem of Art. 90, the logarithm of 
any composite number may be found when the logarithms of 
its factors are known. 

1. Given Ic^ 2 = .3010, log3 = .4771 ; find log 72. 
log 72 = log (2 X 2 X 2 X 3 X 3) 

= log2 -f log2 + 1<^2 +log3 -f log3 
= 3xlog2-h2xlog3 
= .9030 + .9542 = 1.8572. 

EXAMPLES. 

Given log2 = .3010, log 3 = .4771, log5 = .6990, log 7 
= .8451 ; find the values of the following : 

2. 1(^6. • 7. log 21. 12. log 98. 17. log 135. 

3. log 14. 8. log 63. IS. log 105. 18. log 168. 

4. log8. 9. log 56. 14. 1(^112. 19. 1(^147. 
6. log 12. 10. log 84. 16. log 144. 20. log 375. 
6. log 15. 11. log45. 16. log216. 21. log343. 

92. Iri any system^ the logarithm of a fraction is equal to 
the logaiithm of the numerator minus the logarithm of the 
denominator. 

Assume the equations 

aj = logam, 



^• = ^1; whence, }^= o«-^' 
a^zzzn ) ly = logan. 
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Dividing, we have — = — , or a"-» = — . 
aJ' n n 

Whence, log« — = a? — y = log, m — log. n. 

93. 1. Given log 2 = .3010 ; find log 5. 

log 5 = log ^ = log 10 - log 2 = 1 - .3010 = .6990. 

EXAMPLES. 

Given log 2 = .3010, log 3 = .4771, log 7 = .8451 ; find the 
values of the following : 

2. logl 6. log 35. 8. log||. II. log7f 

3. logy. 6. log?i. 9. log 175. 12. log 5^. 

4. log3f 7. log 125. 10. logllf 13. log5f 

94. In any system^ the logarithm of any power of a quan- 
tity 18 equal to the logarithm of the quantity multiplied by the 
exponent of the power. 

Assume the equation 

a'=:im\ whence, x = log, m. 

Raising both members to the pth power, we have 

a'*=^m^ \ whence, log, m^ =:px=p log, m. 

95. In any system^ the logarithm of any root of a quantity 
is equal to the loganthm of the quantity divided by the index 
of the root. 

For, log. yjm = log. (m^) = - log. m (Art. 94) . 

96. 1. Given log 2 = .3010; find the logarithm of 2*. 

log 2 J = I X log 2 = - X .3010 = .5017. 
3 3 

Note. To multiply a logarithm by a fraction, multiply first by the 
numerator, and diyide the result by the denominator. 
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0. Given log 3 = .4771 ; find the logarithm of y^. , 

^^8 8 

EXAMPLES. 

Given log 2 = .3010, log 3 = .4771 , log 7 = .8451 ; find the 
values of the following : 

3. log 3*. 7. log 12*. 11. logl5i 16. logV'S. 

4. log2». 8. log 21^. 12. logV/7. 16. log ^35. 
6. log7^ 9. log 14*. 13. logV^3. 17. Ic^y'OS. 
6. logSi 10. log25i 14. logy^. 18. logV^. 

19. Find the Ic^arithm of (2* x 3*). 

By Art. 90, log (2* x 3^)= log 2* + log 3* 
= ilog2 + ilog3 
= .1003 + .5964 =.6967. 



Find the values of the following : 
0. log(^jJ. 22. log(3ix2«). 24. log^I 26. logy/? 



28 
5' 

21. log— 28. log3v'7. 26. logVl. -27. logV^. 

5* V^ 10* . 



97. In the common system^ the mantissce of the logarithms 
0/ numbers having the same sequence of figures are equal. 

To illustrate, suppose that log 3.053 = .4847. 
Then, 

log 30.53 = log (10x3.053) = log 10 + log 3.053 
= l+.4847 =1.4847; 

log 305.3 = log (100 X 3.053) = log 100 + log3.053 
= 2 + .4847 = 2.4847 ; 

log .03053 = log (.01 X 3.053) = log .01 -h log 3.053 
= 8 --10 + .4847 =8.4847-10; etc. 
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It is evident from the foregoing that if a number is mnlti* 
plied or divided by any integral power of 10, thus produc- 
ing another number with the same sequence of figures, the 
mantissffi of their logarithms will be equal. 

Thus, if log 3.053 = .4847, then 

log 30.53 = 1.4847, log .3053 = 9.4847 - 10, 
log 305.3 = 2.4847, 1(^.03053 =8.4847-10, 
log 3053. = 3.4847, log .003053 = 7.4847 - 10, etc. 

Note. The reason will now be seen for the statement made in 
Art. 86, that only the mantisse are given in a table of logarithms of 
numbers. For, to find the logarithm of any number, we have only to 
take from the table the mantissa corresponding to its sequence of 
figures, and the characteristic may then be prefixed in accordance with 
the rules qi Art. 86. 

This property of logarithms is only enjoyed by the common system, 
and constitutes its superiority over others for the purposes of numeri- 
cal computation. 

98. 1. Given log 2 =.3010, 1(^3 =.4771; find log .00432. 
log 432 = log (2* X 3») = 4 log 2 + 3 log 3 
= 1.2040 -f 1.4313 = 2.6353. 
Then by Art. 97, the mantissa of the result is .6353. 
Whence by Art. 86, log .00432 = 7.6353 - 10. 

EXAMPLES. 

Given log 2 = .3010, log 3 = .4771, log 7= .8451 ; find 
the values of the following : 

2. log 1.8. 7. log .0054. 12. log 302.4. 

3. log 2.25. 8. log .000315. 13. log .06174. 
4.1(^.196. 9. log 7350. 14. log (8. ly. 
6. log .048. 10. log 4,05. 16. log \fdJ, 

6. log 38.4, 11. log .448. 16. log (22.4)*. 
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99. To prove the relation 

, log.m 

° log«6 

Assume the equations 

a'^r^m') ( a; = log„m, 

^ ; whence, ^ 

From the assumed equations, we have 

a' =6*, or a»' = 6. 
/*• /|» 

Whence, log,6 = -9 or y = 



y log*6 

Substituting the values of x and ^, 

logaWi 
log.m = ° - « 
log„6 

By aid of this relation, if the logarithm of a quantity m to 
a certain base a is known, its logarithm to any other base h 
may be found by dividing by the logarithm of 6 to the base a. 

100. To prove the relation 

logjaxlog„6=l. 
Putting m = a in the result of Art. 99, we have 

Whence, ^og^^a x log«6= 1. 

APPLICATIONS. 

101. The value of an arithmetical quantity, in which the 
operations indicated involve only multiplication, division, 
involution, or evolution, may be most conveniently found by 
logarithms. 

The utility of the process consists in the fact that addition 
takes the place of multiplication, subtraction of division, 
multiplication of involution, and division of evolution. 

In operations with negative characteristics the rules of 
Algebra must be followed. 
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102. 1. FiDd the value of .0631 X 7.208 x .51272. 

By Art. 90, log (.0631 x 7.208 x .51272) 

= log .0631 + log 7.208 + log .51272. 

log .0631 ^ 8.8000-10 

log 7.208 = 0.8578 

log .51272= 9.7099-10 
Adding, .-. log of result = 19.3677 — 20 

= 9.3677-10 (see Note 1) 
Number corresponding to 9.3677 —10= .23317. 

Note 1. If the sum is a negatire logarithm, it should be reduced so 
that tlie negative portion of the characteristic may be — 10. 
Thus, 19.3677-20 is reduced to 9.8677-10. 

2. Find the value of ---. 

7984 

By Art. 92, log ^^ = log 336.8 - log 7984. 

log 336.8 = 12.5273 - 10 (see Note 2) 
log 7984 = 3.9022 
Subtracting, .-.log of result = 8.6251 — 10 
Number corresponding = .04218. 

Note 2. To subtract a greater logarithm from a less, or to subtract 
a negative logarithm from a positive, increase the characteristic of the 
minuend by 10, writing — 10 after the niantissa to compensate. 

Thus, to subtract 3.0022 from 2.6273, write the minuend in the form 
12.6273 - 10 ; subtracting 3.9022 from this, the result is 8.6261 - 10. 

3. Find the value of (.07396)^ 

By Art. 94, log (.07396)* = 5 x 1(^ .07396. 
log .07396 = 8.8690 - 10 

5 

44.3450 - 50 
= 4.3450 - 10 (see Note 1) 
== log .000002213. 
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4. Find the value of y. 035063. 
By Art. 95, log ^.035063 = |log. 035063. 
log .035063 = 8.5449 -10 

20. - 20 (see Note 3) 
3 )28.5449 -30 

9.5150 -10 = log .3274. 

Note 3. To divide a negative logarithm, add to botl;^ parts such a 
multiple of 10 as will make the negative portion of ttie characteristic 
exactly divisible by the divisor, with —10 as the quotient. 

Thus, to divide 8.5449—10 by 8, add 20 to both parts of the loga- 
rithm, giving tlie result 28.6449 — 30. Dividing this by 8, the quotient 
is 9.5160-10. 

ARITHMETICAL COMPLEMENT. 

103. The Arithmetical Complement of the logarithm of a 
number, or briefly the Cologarithm of the number, is the loga- 
rithm of the reciprocal of that number. 

Thus, colog 409 = log -i- = log 1 - log 409 . 

log 1 = 10. - 10 (Note 2, Art. 102) 

log 409= 2.6117 
.-. colog 409= 7.3883-10. 

Again, colog .067 = log -^ = log 1 - log .067. 

log 1 = 10. - 10 

log .067= a,8261 - 10 
.-.colog .067= 1.1739. 
The following rule is evident from the above : 

To find the cologarithm of a number^ subtract its logarithm 
from 10 - 10. 

Note. The cologarithm may be obtained from the logarithm by 
subtracting the last significant figure from 10 and each of the others 
from 9, — 10 being written after the result in the case of a positive 
logarithm. 



64 PLANE TRIGONOMETRY. 

.51384 



104. Example, Find the value of 



8.709 X .0946 



^ 8.709 X .0946 ^ V ^-709 .0946^ 



= log .51884 + log -4^ + log. 



'8.709 °.0946 
= log .51384+colog 8.709 + col(^. 0946. 
log .61384 = 9.7109 -10 
colc^ 8.709 = 9.0601 - 10 
eolog .0946 = 1.0241 

9.7951 -10 = log .6239. 

It is evident from the above that the logarithm of a fraction 
is equal to the logarithm of the numerator plus the cologa- 
rithm of the denominator. 

Or in general, to find the logarithm of a fraction whose 
terms are composed of factors, 

Add together the logarithms of the faxXors of tJte numerator, 
and the cologarithms of the factors oftfie denominator. 

Note. The yalue of the aboye fraction may be found without using 
cologarithms, by the following formula : 

= log .61384 - (log 8.709 + log .0946). 

The advantage in the use of cologarithms is tliat the written work 
of computation is exhibited in a more compact form. 

EXAMPLES. 

105. Note. A negative quantity can have no common logarithm, 
as is eyident from the definition of Art. 79. If negative quantities 
occur in computation, they may be treated as if they were positive, and 
the sign of the result determined irrespective of the logarithmic work. 

Thus, in Ex. 3, p. 66, the value of 721.3 X (- 3.0528) may be ob- 
tained by finding the value of 721.3 X 3.0528, and putting a negative 
sign before the result. See also Ex. 34, p. 66. 
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Find by logarithms the yalues of the following : 

1. 9.238 X. 9152. 4. (-4.3264) x( -.050377) 

2. 130.36 X .08237. 6. .27031 x .042809. 

3. 721.3 X (-3.0528). 6. (-.063165) x 11.134. 

7 ^91:^. 9 "'3384 „ 22518 

52.37* * .08659* ' 64327* 

o 7.2321 ^Q 9.163 ^g' .007514 



IS. 



10.813 .0051422 -.015822 

3.3681 ^^ 15.008 x(-. 0843) ^ 

12.853 X .6349* * .06,376 X 4.248 

.g (-2563) X. 03442 
714.8x(-.511) ' 

16 121.6 X (-9.025) 

(-48.3) X 3662 X (-.0856)' 

17. (23.86)3. 22. (.8)i 28. ^^.4294. 

18. (.532)«. 23. (-3.16)*. 29. \/mso'^. 

19. (-1.0246)^ 24. (.021)1 30. V^IOOO. 

20. (.09323)*. 26. V^2. 31. V^-. 00951. 

21. 5*. 26. v^5. 32. v'.OOOlOll. . 

27. yf^. 

33. Find the value of ^. 
3* 

log?x5 = log2-h log V^5 -f cologS* 
3^ 

= log2-f|log5 + feolog3. 

log 2= .3010 

log 5= .6990; divide by 3= .2330 

colog 3 = 9.5229-10 ; multiply by |=9.6024 - 10 



.1364=logl.3691. 
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84. Find the value-' W- 03296 



"'H. 



962 



^^ ;j7S=iio«S=*^^^-^'''^^^^'-^^^^' 



log .03296= 8.5180-10 
log 7.962 = 0.9010 

• 3)27^170-30 

9.2057 -10 = log. 16059. 

Result, - .16059. 
Find the values of the follow ing : 

rt* 41. ^f|. *•■ V^^J 

5» _ 47. ^<»* 



87 



88. 



(_^o)«' 42. ^-|. " (-ysas)* 

6M .,H ^ 48. ^^M. 



89. (I^\*. 44. ^x^3x^:0T. 49. LnJMil 

\n3) -(.2345)4 
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V^.0073 (B. (538.2 X. 0005969)*. 

(•68291)* 58. (18.9503)"x(-.l)". 

gj ^5^955x^60 64. v'3734.9 x .00001 108. 

^^298.54 66. (2.6817)ix (.71272)i 

-g 1^ -. 0081 93 X(. 06285) t 
-.98342 

67. VioSS X v'.62667 X V'.0072103. 
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VII. SOLUTION OP RIGHT TRIANGLES. 

« 

106. The six elements of a triangle ai*e its three sides anrl 
its three angles. 

We know by Geometry that, in general, a triangle is com- 
pletely determined when three of its elements are known, 
provided oiye of them is a side. The solution of a triangle 
is the process of computing the unknown from the given 
elements. 

107. To solve a right triangle^ two elements must be given 
in addition to the right angle, one of which must be a aide. 

The various cases which can occur may all be solved by 
aid of the following formulae : 

iB 




sm ^ = -9 
c 


. b 
cos A = -t 
c 


tan^ = T» 




sin^ = -, 
c 


COS B^-t 

c 


a 



Case I. When the given dements a/re a side and an angle. 

The proper formula £6r computing either of the remaining 
sides may be found by the following rule : 

Take that function of the angle which involves the given side 
and the required side. 

Case II. When both ike given elements are sides, . 

First calculate one of the angles by aid of either of the 
formulae involving the given elements, and then compute the 
remaining side as in Case I. 
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EXAMPLES. 

108. 1. Given c = 203.76, B=z 21^ 43'. Find a and h. 

In this case the formulse to be used are 

d h 

cosB = -i and sinB = -- 
c c 

Whence, a = c cos B^ and 6 = c sin -B. 

By logarithms, log a = log c + log cos B, 
and log 6 = log c -H log sin B. 

log c = 2.3091 log c = 2.3091 

log cos ^= 9.9681 -10 log sin J = 9.5682 -10 

log a = 2.2772 log 6= 1.8773 

.-. a =189.3. .-. 6=75.38. 

2. Given a = 13, A = 67^ 7'. Find b and c. 

In this case, tan A = t^ and sin ^ = — 

c 

Whence, 6 = —^, and c = 



' tan ^ "~ sin -4 

By logarithms, log 6 = log a — log tan A, 
and log c = log a — log sin A. 

log a =1.1139 log a =1.1139 

log tan A = 0.3746 log sin A = 9.9644-10 

log 6 = 0.7393 log c= 1.1495 

.-. 6 = 5.486. .-,0=14.11. 

3. Given 6 =.1512, c=. 3081. Find ^ and a. 

h - A ^ i J. A 

In this case, cos -4 = -» and tan -4 = ^^ or a = o tan A.. 

Whence, log cos .4 = log 6 — log c, 
and log a = log b -\- log tan A, 
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log h =^ 9.1796 log b = 9.1796 

log 0=^ 9.4887 . log tan ^ = 0.2498 

log coa^= 9.6909 log a = 9.4289 

.-. ^=60^36.4'. .-. a= .2685. 

Note. It is customary in practice to omit writing the — 10 after the 
mantissa of a negative logarithm, as illustrated in Ex. 3. 

109. In the Trigonometrical solution of a triangle by the 
method of Case 11., it is necessary to first find one of the 
angles, and the remaining side may then be calculated. 

It is possible however to obtain the third side dkectly, 
without first finding the angle, by Geometrical methods. 

Thus in Ex. 3, Art. 108, we have by Geometry, 

Whence, a = v/c*--6* = v/(c + 6) (c-b). 

By Ic^arithms, log a = ^ [log (c + 6) + log (c — 6) ] . 

c + b = .4593 ; log = 9.6621 - 10 

c - 6 = .1569 ; log = 9.1956 - 10 
2 )18.8577 - 20 
log a = 9.4289 — 10 
.'. a= .2685, as before. 

If the given sides are a and 6, the formula for c is 
V/a* + 6^, which is not adapted to logarithmic computation. 

In such a case it is usually shorter to proceed according 
to the rule of Art. 107. 

EXAMPLES. 
no. Solve the following right triangles : 

1. Given ^ = 43° 30', c = 11.2. 

2. Given B = 68° 50', a = 729.3. 

3. Given 5= 62° 56', 6 = 47.7. 

4. Given a =.624, c=.91. 
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s. 


Given = 5, 


ft = 2. 


0. 


GiTen^=72°7', 


a = 83.4. 


7. 


Given B= 32' 10', 


<5=. 02728, 


8. 


Given 6 = 2.887, 


c = 5.11. 


9. 


Given ^ = 52' 41', 


6 = 4247. 


10. 


Given a= 101, 


6=116. 


11. 


Given A = 48° 22', 


a = 158.3. 


12. 


Given ^ = 58*' 39', 


c = 35.78. 


13. 


Given a = 204.2, 


c = 275.3. 


14. 


Given 5=30°, 


6 = 1.6438, 


16. 


Given A = 22° 14', 


6=13.242, 


16. 


Given S= 10° 51', 


c=.7264. 


17. 


Given a =638.5, 


• 6 = 501.2. 


18. 


Given ^=78° 17', 


0=203.8, 


19. 


Given ft =.02497, 


c=.0479a. 
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Given 5=2° 19' 30", 


o= 1875.3, 


21. 


Given a = 24.67, 


6 = 33.02. 


22. 


Given 6 = 1.4367, 


c = 3.4653. 


23. 


Given 5=6° 12.3', 


c = 37206. 


24. 


Given ^ = 64° 1.3', 


6 = 200.05. 


26. 


Given o = 340.06, 


6 = 231.69. 


26. 


Given a =1.7087, 


c = 2.0008. 


27. 


Given 5= 21° 33' 51", 


, o=. 82109. 


28. 


Given ^= 74° 0' 18", 


c = 275.62. 


29. 


Given 5 =34° 14' 37", 


6=120.22. 


30. 


Given a = 10.107, 


6 = 17.303. 
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Solve the following isosceles triangles, in which A and B 
are the equal angles, and a, 6, and c denote the sides oppo- 
site the angles A^ B^ and C, respectively : 



31. 


Given ^ = 68° 57', 


6 = 35.091. 


32. 


Given B = 27° 8', 


c = 3.088. 


33. 


Given C=80M7', 


6 = 2103,2. 


34. 


Given a =79.24, 


c= 106.62. 


36. 


Given A = 70° 19', 


c=.5623. 


36. 


Given C= 151° 28', 


c = 95.47. 



37. A regular pentagon is inscribed in a circle whose 
diameter is 24 inches. Find the length of its side. 

38. At a distance of 100 feet from the base of a tower, 
the angle of elevation of its top is observed to be 38°. Find 
its height. 

39. What is the angle of elevation of the sun when a 
tower whose height is 103.7 feet casts a shadow 167.3 feet 
in length ? 

4ff. If the diameter of a circle is 3268, find the angle at 
the centre subtended by an arc whose chord is 1027. 

41. If the diameter of the earth is 7912 miles, what is the 
distance of the remotest pmnt of the surface visible from the 
summit of a mountain 1^ miles in height ? 

42. Find the length of the diagonal of a regular pentagon 
whose side is 7.028 inches. 

43. What is the angle of elevation of a mountain-slope 
which rises 238 feet in a horizontal distance of one-eighth of 
amUe? 

44. From the top of a lighthouse, 133 feet above the sea^ 
the angle of depression of a buoy is observed to be 18** 25'. 
Required the horizontal distance of the buoy. 
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45. A ship is sailing due east at the rate of 7.8 miles an 
hour. A headland is observed to bear due north at 10.37 
A.M., and 33° west of north at 12.43 p.m. Find the distance 
of the headland from each point of observation. 

46. If a chord of 41.36 feet subtends an arc of 145'' 37% 
what is the radius of the circle? 

47. The length of the side of a regular octagon is 12 
inches. Find the radii of the inscribed and circumscribed 
circles. 

48. How far from the foot of a pole 80 feet high must an 
observer stand, so that the angle of elevation of the top of 
the pole may be 10®? 

49. If the diagonal of a* regular pentagon is 32.83 inches, 
what is the radius of the circumscribed circle ? 

60. From the top of a tower, the angle of depression of 
the extremity of a horizontal base line, 1000 feet in length 
measured from the foot of the tower, is observed to be 
21** 16' 37". Find the height of the tower. 

61. If the radius of a circle is 723.29, what is the length 
of the chord which subtends an arc of 35° 13'? 

62. A regular hexagon is circumscribed about a circle 
whose diameter is 10 inches. Find the length of its side. 

63. From the top of a lighthouse, 200 feet above the sea, 
the angles of depression of two boats in line with the light- 
house are observed to be 14** and 32° respectively. What is 
the distance between the boats? 

64. A ship is sailing due east at a uniform rate of speed. 
At 7 A.M., a lighthouse is observed bearing due north, 10.32 
miles distant, and at 7.30 a.m. it bears 18° 13' west of north. 
Find the rate of sailing of the ship and the bearing of the 
lighthouse at 10 a.m. 
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FORMULAE FOR THE AREA OF A RIGHT TRIANGLE. 
HI. Case I. Given the hypotenuse and an acute angle. 




h 
Denoting the area by iT, we have by Geometry, 

2K=ab. 
But by Art. 13, a=^c sin A^ 
and 6 = cco8-4. 

Whence, 2^=c2sin^cos^ = ic^ain2^ (Art. 74). 

That is, 4 Kz=z c^ sin 2 ^. (36) 

In like manner, 

4^=c^sin2B. (37) 

Case II. Given an angle and its opposite side. 

We have, cot -4 = -1 or 6 = a cot A, 
a 

Whence, 2jK'=a-acot-4 = a^cot^. (38) 

In like manner, 

2 k=h^ cot B. (39) 

Case III. Given an angle and its adjacent side. 
We have, cot A = tan B (Art. 14) • 
Whence by (38), 

. 2K=aHsinB. (40) 

In like manner, 

2/f=6HanA (4l) 
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Case IV. Given the hypotenuse and another side. 
Since a* -|- &* = c^, we have 



2^=a5 = aVc*-a« 



^a^{c^a){c-- a). (42) 

Id like manner,. 

2K=:b^(c + h)(c-'b). (43) 

Case V. Given the two sides about the right angle. 

In this case, 2 ir= aJb. (44) 

EXAMPLES. 
HZ 1. Given c = 10.36, -8= 75° j find the area. 
By (37), 4 ^=c* sin 2 5. 

Whence, 1(^ (4 ^) = 2 logc + log sin 2 S. 

logc= 1.0153 ; multiply by 2 = 2.0306 
2^=150°; log sin = 9.6990-- 10 

log (4^) =1.7296 

.-. 4K= 53.65, and ^= 13.41. 

Note. To find log8inl50^ take either log cos 60^ or log sin 30^ 
(See page 10 of the explanation of the tables.) 

Find the areas of the following triangles : 

2. Given ^=19° 36', a = 22.17. 

8. Given B= 24° 7', a = .8213, 

4. Given a= 149.31, 6=76.29. 

6. Given 6 =.3056, c=.6601. 

6. Given A = 30° 56' 20", c = 192.9. 

7. Given ^ = 58° 52', 6 =.05207. 

8. Given a=.932, c= 2.786. 

9. Given B = 72° 25', c = 27.283. 
10. Given £= 29° 18' 15", &= .33784. 
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VIII. GENERAL PROPERTIES OP 
TRIANGLES. 

113. In any triangle^ the sides are proportional to the sines 
of their opposite angles. 





There will be two cases, according as the angles are all 
acute (Fig. 1), or one of them obtuse (Fig. 2). 
In each case let CD be drawn perpendicular to AB. 
Then in either figure, we have 



In Fig. 1, 
and in Fig. 2, 



. . CD 

sin A = -— — 



8in5 = ^, 



sin B = sin (ISC'*- CBD) 
= sin CBP (Art. 47) 
CD 



Dividing these equations, we have in either case 

CD 

sin A 6 a^ 

sin B'^ CD" b 
a 



(45) 
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In like manner, we may prove 

5i5^ = ^ (46) 

BID (7 C . 

, sin O c ,^^v 

and -; — 7 = — (47) 

Bin^ a 

The above results may be expressed more compactly as 
follows: ^ J. ^ 



sin A sin B sin C 

114. 2n any triangle^ the sum of any two sides is to their 
difference as the tangent of half the sum of the opposite angles 
is to the tangent of half their difference. 

Formula (45) of Art. 113 may be put in the form 

a:h = sin A : sin B. 

Whence, by composition and division, 

a-^-bia — b = am A '\' sin B: sin A — sin J5, 

or, ^ = -: — 7-^ — : — - • 

a--o sin ^ — sm ^ 

But by Art. 73, 

sin^ + sin^ ^ tan^(^ + ^) 
sin A — ainB tan ^(A — B) 

wu a + ^ t&nUA-\-B) , . 

Whence, — S: = ; — Ma dv ' (*») 

a — 6 tan ^(^ — 5) 



In like manner, we may prove 



6-f c _ tan^(JB + C) 
h-c tani(B-(7)' 



(49) 



c — a tan^(C— -4) 
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115. Since A + B^ 180** - C, we have 

tsLn^(A-^B)= tan (90° - ^ (7) = cot ^ (7 (Art. 14) . 
Thus formula (48) may be put in the form 



a-l-6 



cot ^(7 



a-b t&n ^(A — B) 



(51) 



116. In any triangle, the square of any side is equal to the 
sum of the squares of the other two sides, minus twice their 
product into the cosine of their included angle. 

Case I. When the included angle A is acute. 
C 





There will be two cases, according as the remaining angles 
are both acute (Fig. 1), or one of them obtuse (Fig. 2). 
In each case let CD be drawn perpendicular to AB, 

Then in Fig. 1 , BD = c- AD, 

and in Fig. 2, BD^AD-^c. 

Squaring, we have in either case, 

2 

Adding CD to both members, 

5S'-f GD' = ad' + 5D*-|-c»- 2c X ^Z>. 
But, W +W= a\ and j0 ^CD^^V. 

Also, cosJ[ = — — » or J[Z>=6cos-4. 



Therefore, a* = &* + c* — 2 6c cos J.. (52) 
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Case U. When the included angle A is obtuse. 

C 




In Fig. 3, BD^AD-k-c. 

Squaring, and adding CD to both members, 

But, SD*+ C5* = a*, and Z5*-|- C5* = &*. 
Also, cos -4 = cos (180^ - CAD) 

= - cos CAD (Art. 47) 
AD 



Whence, AD = — & cos -4. 

Therefore, a' = 6* + c* — 2 6c cos -4. 

In like manner, we may prove 

6« = c' + a*-2caco8-B, 
and c« = a* + 6«-2a6cosC. 



(53) 
(54) 



117. To eaepress the cosines of the angles of a triangle in 
terms of the sides of the triable. 

From (52), Art. 116, 

a*=6* + c*-26ccosA 
Whence, 

2&ccosA=6«-|-c*-a% 
V + ^^a^ 



or. 



cos A = 



26c 



(55) 
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In like manner, we have 

cos^ = ^+/--^, (56) 

2ca ^ ^ 

and cos C = ?^!±ZlZ^. (57) 

2ab ^^'^ 

118. To express the sines, cosines^ and tangents of the 
half-angles of a tnangle in terms of the sides of the triangle. 

From (55), Art. 117, 

cos A. = — ' • 

26c 

Subtracting both members from unity, 

26c . 26c 

Whence b}- (a), Art. 75, 

o « 1 J a'-(6-c)' 

^ 46c 

Denoting a + 6 + c by 2«, so that s is the half -sum of the 
sides of the triangle, we have 

a - 6 -H c = {a-{-h+c) — 26=25—2,6=2 (5-6), 

and a + 6 — c = (a-f6-fc) — 2c=25— 2c=2(«— c). 

Hence, sm^ ^-4 = — ^^ -^ j 



.^^A=>\ ^'-\l'-'\ (58) 

In like manner, we may prove 

^'^ *^ - \ ^^^ ' (59) 



ca 

17 



and sm ^0= yj-^^ ^ (60) 
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26c 26c 



Again, adding both ineml)er8 of (55) to unity, we have 
Whence by (a) , Art. 76, 

(6 -hc-Ha) {b + c-a) 



wj..a±^', 



or, cos'i^- jj^ 

But, 6 + c + a=25, 

and 6-f c — a = (6-f c + a) — 2a = 2 (« — a). 

Hence, cos* ^-4 = — jr — ^» 



or, cosi^=^P^. (61) 

In like manner, 

cosi^=J5?H^, (62) 

and «^s*^=sP5^^- (^) 

Dividing (58) by (6l) i we obtain 

. , A |(« - 6) (5 - c) I 6^~ 

tan i^ = V -^ TT V "7 T 

'^ \ 6c >«(« — a) 



In like manner, 



II 5(5 — a) 



!(s — c) (5 — a) 



Note. Since each angle of a triangle is less than 180^, its half is 
less than 90° ; hence the positive sign must be taken before the radical 
in each of the formulie of Art. 118. 
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AREA OF AN OBLIQUE TRIANGLE. 
119. Case I. GHven two sides and their included angle. 

C 





There will be two cases, according as the included angle 

A is acute (Fig. 1), or obtuse (Fig. 2). 

In each case let OD be drawn perpendicular to AB, 
Then, denoting the area of the triangle by JT, we have by 

Geometry, 

2Jr=cx CD. 



But in Fig. 1 , sin J. = 



CD 



and in Fig. 2, sin ^ = sin ( 1 80' - CAD) 

= sin CAD (Art. 47) = 
Whence, in either figure, 

CD =:b Bin A. 
Therefore, 2K=hc sin A. 

In like manner, 

2^= casing, 
and 2 K=^ ab sin C. 

Case II. Given a side and all the angles. 
By (69), 2 K=ab sin C. 

But by Art. 118, 

6 sin ^ I a sin B 

- = - — -, or = -^ — — • 
a sm A sm A 



CD 



(67). 

(68) 
(69) 
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Substituting, 2 K= a x ?L?1B^ x sin C 
a? sin B sin C 



mi A 
In like manner, 



(70) 



^^.^ysinCsin^^ (71) 

sin^ 

J o «. c* sin ^ sin 5 /„^v 

and 2K= ^—^ (72) 

sinC7 

Cas£ III. Oiven the three sides. 

By (67), 2^=&csin^ 

=s 2 &c sin ^A cos ^A (Art. 74) . 

Dividing by 2, and substituting the values of sin^^ and 
cos^^ from Art. 118, we have 

K^ &cJ (^-^)(^- !g) >(^--«) 
\ &c \ be 

— V«(«-a)(«-6)(«-c). (73) 
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IX. SOLUTION OP OBLIQUE TRIANGLES. 

120. In the solution of plane oblique triangles we may 
distinguish four cases : 

1 . Given a side and any two angles. 

2. Given two sides and their included angle. 

3. Given the three sides. 

4. Given two- sides and the angle opposite to one of them. 

Case I. 

121. Given a side and any two angles. 

The third angle may be found by Geometry, and then by 
aid of Art. 113 the remaining sides may be calculated. 

The triangle is always possible for any values of the given 
elements, provided the sum of the given angles is < 180°. 

1. Given 6 == 20, ^ = 104°, B = 19°. Find «, c, and G. 
0= 180° ^{A + B)= 180° - 123° = 57°. 

ByArt.113, ^ = ^, and ? = ?1^. 
&mB &mB 

That is, a = 6 sin -^osc 5, and c = 6 sin (7 esc B. 

Whence, log a = log 6 + log sin A + log esc 5, 

and log c = log b + log sin G + log esc B. 

logft = 1.3010 log b = 1.3010 

log sin ^= 9.9869 - 10 log sin C= 9.9236 - 10 

log CSC B = 0.4874 log esc B = 0.4874 

loga = 1.7753 logc = 1.7120 

.-. a = 59.61. .-. c = 51.52. 

Note. To find the log cosecant of an angle, subtract the log sine 
from 10 — 10. To find log sin 104°, take either log cos 14° or log sin 
76°. (See pages 7 and 10 of the explanation of the tables.) 
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EXAMPLES. 
Solve the following triangles : 

2. Given a = 10, A^ 38% S = 77" 10'. . 

8. Given b = .8037, B = 52° 20', C = 101** 40'. 

4. Given c = .032, A = 36** 8', B = 44° 27'. 

8. Given 6 = 29.01, ^ = 87° 40', (7 = 33° 16'. 

•. Given a = 5.42, B = 98°22', C = 41°l'. 

7. Given c = .0161, ^ = 35° 15', C=123°39'. 

8. Given a = 400, ^ = 54° 28', C = 60°. 

9. Given b = 314.29, A = 67° 22', B = 57° 51'. 
10. Given c = 7.86, B = 32° 2' 52", C = 43° 25' 26". 

Case II. 
122. Given two sides and their included angle. 

Since one angle is known, the sum of the remaining angles 
may be found, and then their difference may be calculated 
by aid of Art, 114. 

Knowing the sum and difference of the angles, the angles 
themselves may be obtained, and then the remaining side 
may be computed as in Case I. 

The triangle is possible for any values of the data. 

1. Given a = 167, c = 82, B = 98°. Find A, O, and 6. 
By Geometry, ^ + C=180°--B = 82°. 

By Art. 114, ?L±f = tani(^-K7) 

or, tani(^-C)=^^tani(^ + 0). 

a ^" c 

Whence, log tan i(A — C) = log (a''C) + colog (a + c) 

+ logtani(^ + (7). 
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a-c = 85 log =1.9294 

a 4- c = 249 colog = 7.6038 

i(A + C)=4:r log tan = 9.9392 

log tan i(^- (7) = 9.4724 
.•.i(^- (7) = 16^ 31.7'. 
Hence, A = i{A + C) +\(A - C) = 57° 31.7', 

and O =^ i(^ + C) - i{A - C) = 24° 28.3'. 

To find the remaining side, we have by Art 113, 

6 = 5L!yi^ = asinBese^. 
Bin^ 

Whence , log b = log a + log sin B + log esc A, 

loga = 2.2227 

log sin 5 =9.9958 

log csc^ = 0.0739 

log 6 = 2.2924 
.-. 6 = 196.05. 

EXAMPLES. 
Solve the following triangles : 

2. Given a = 27, c=15, 5=46°. 

8. Given a = 486, 6 = 347, (7= 51° 36'. 
4. Given 6 = 2.302, c = 3.567, ^=62°. 
6. Given a=. 3, 6 = .363, 0= 124° 56'. 

6. Given 6=1192.1, c = 356.3, ^ = 26° 16'. 

7. Givena=7.4, c= 11.439, 5 = 82° 26'. 

8. Given a =53.27, 6 = 41.61, C=78°33'. 

9. Given 6 = .02668, c = .05092, A= 115° 47'. 
10. Given a = 51.38, c = 67.94, B = 79° 12' 34", 
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Case in. 
123L CHven the three sides. 

The angles might be calculated bj the formulae of Art. 
117; but as these are not adapted to logarithmic computa- 
tion, it is more convenient to use the formulae of Art. 118. 

Each of the three angles should be computed trigonoraetri- 
cally, as we then have a check on the work, since their sum 
should be 180''. 

If all the angles are to be computed, the tangent formulae 
are the most convenient, as only four different logarithms 
are required. If but one angle is required, the cosine for- 
mulae will be found to involve the least work. 

The triangle is possible for any values of the data, pro- 
vided no side is greater than the sum of the other two. 

If all the angles are required, and the tangent formulae are 
used, they may be conveniently modified as follows : 



ByArt.118, tani^= y|^" -«>(*- ^>(*-^> 



8(s — ay 



(s — a) (« — b) (s — c) 



T^ X- l(« — a)(s — 6)(5 — c) , 

Denoting J-^ — — by r, we have 

T 

tan^^ = 

s — a 

lu like manner, 

tan ^5 = —^, and tani(7=— !^- 
s—b 8—C 

1. Given a = 2.5, b = 2.79, c = 2.33 ; find A, B, and C. 
In this case, 2s = a + 6 4-c = 7.62, and s= 3.81. 

Whence, s — a = 1.31, s — b = 1.02, and « — c= 1.48. 

By logarithms, we have 
log r = ^[log {8 — a)-\- log (s - 6) 4- log (s - c) + colog «]. 
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V 

Also, log tan iA = log r — log (s — a) , 
log tan iB = log r — log (s — 6) , 
log tan ^0= log r — log (s — c). 
log (s - a) = 0.1173 log r = 9.8576 - 10 

log (s - 6) = 0.0086 log (s ^ b) = 0.0086 

log (s -c) = 0.1703 log tan ^-8= 9.8490 - 10 

colog5 = 9.4191-10 ^B= 35° 14.1' 

2 )9.7153-10 .-. 5 = 70° 28.2'. 

.•.logr= 9.8576 -10 

log r = -9.8576 - 10 log r= 9.8576 - 10 

log (s- a) = 0.1173 log (5 -c) = 0.1703 

log tan iA = 9.7403 - 10 log tan ^C= 9.6873 - 10 

iA = 28° 48.3' i C= 25° 57.2' 

.-.^ = 57° 36.6'. .-.(7= 51° 54.4'. 

Check, ^ + ^ + C= 179° 59.2'. 

2. Given a=7, &=11, c = 9.6; find5. 

By Art. 118, 008^5= Ji^-ill^. 

Or, log cos ^5 = i[log s 4- log (s—b) + colog c + colog a]. 
In this case, 2s = « + 6-f7C= 27.6. 

Whence, s=13.8, and 5 — 6=2.8. 

log 5 =1.1399 
log (5 - b) = 0.4472 
colog c = 9.0177 -10 
colog a = 9.1549 -10 
2 )19.7597-20 
log cos ^B = 9.8798 - 10 
^5= 40° 41.8' 
.-.^ = 81° 23.6'. 
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EXAMPLES. 
Solve the following triangles : 

3. Given a = 2, 6 = 3, c = 4. 

4. Given a = 4, 6=7, c = 6. 

5. Given a = 5.6, 6 = 4.3, c = 4.9. 

6. Given a =.23, 6 =.26, c = .198. 

7. Given a =79.3, 6 = 94.2, c = 66.9. 

8. Given a = 321, 6 = 361, c = 402. 

9. Given a = .641, 6 = .529, c = .702. 
10. Given a =3.019, 6 = 6.731, c = 4.228. 

Case IV. 
124. Given tivo sides and the a^igle opposite to one of them. 

It was stated in Art. 106 that a triangle is in general com- 
pletely determined when three of its elements are known, 
provided one of them is a side. The only exceptions occur 
in Case IV. 

To illustrate, let us consider the following : 

1. Given a = 52.1, 6 = 61.2, ^ = 31° 26'. Required J5, 

C, and c. 

n„ A^ ii« sin^ 6 6sin^ 

By Art. 113, -; — : = ~' or 8injD = • 

sin^ « a 

Whence, log sin 5 = log 6 -f colog a + log sin A. 

log 6 =1.7868 

cologa= 8.2832 -10 

log sin ^ = 9.7173 -10 

logsin5= 9.7873 -10 

.-. J5 = 37° 47.5', from the table. 
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But in determining the angle corresponding, attention 
must be paid to the fact that an angle and its supplement 
have the same sine (Art. 47). 

Therefore another value of B will be 180° — 37° 47.5', or 
142° 12.5' ; and calling these values Bi and ^2, we have 

B^ = 37° 47.5', and B^ = 142° 12.5'. 

Note. The reason for this ambiguity is at once apparent when we 
attempt to construct the triangle from the data. 



cy^ 




B,D 



We first lay off the angle DAF equal to 31° 26^, and on AF take 
u4C— 61.2. With C as a centre, and a radius equal to 62.1, describe 
an arc cutting AD at Bi and B.^ Then either of the triangles AB^C 
or ^^2(7 satisfies the given conditions. 

The two values of B which were obtained are the values of the 
angles ABiC and AB^C respectively; and it is evident geometrically 
that these angles are supplementary. 

To complete the solution, denote the angles ACBi and 
AGB2 by (7i and C2, and the sides ABi and AB2 b}' Ci and Cj. 

Then, (7i=180°-(^+A) = 180°-. 69° 13.5'= 110° 46.5', 
and 02= 180°- (^+^2) = 180°- 173° 38.5'= 6° 21.5'. 

■ 8tn (7 j ^^^ C2_ sinC2 

a 



Agam, -i = -. . 
a sin A 



and 



Whence, Ci =-asin (7i esc -4, 
log a = 1.7168 
log sin Ci = 9.9708 
log esc ^ = 0.2827 

log Ci = 1.9703 
.-. Ci=93.4. 



sin^ 
and C2 = a sin C2 esc A. 

log a =1.7168 
log sin 02 = 9.0443 
log csc^ = 0.2827 

log C2= 1.0438 
.•.C2= 11.06. 
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125. Whenever an angle of an oblique triangle is deter 
mined from its sine^ both the acute and obtuse values must; 
be retained as solutions, unless one of them can be shown by 
.other considerations to be inadmissible ; and hence there 
may sometimes be two solutions, sometimes only one, and 
sometimes none, in an example under Case IV. 

I. Let the data be a, b, and xl, and suppose b<a. 
Since, by Geometry, B must be < A^ only the acute value 
of B can be taken ; in this case there is but one solution. 

II. Let the data be a, ?>, and A, apd suppose b>a. 

Since B must be > -4,- the triangle is impossible unless A 

is acute. 

Again, since = -•> and 6 is > a, sin 5 is > sin ^. 

sm A a 

Hence both the acute and obtuse values of B are > A^ 
and there are two solutions, except in the following cases : 

If the data are such as to make log sin ^ = 0, then 
sin J5= 1 (Art. 87) and 5 = 90°, and the triangle is a right 
triangle ; if log smB is positive , then sin B is > 1, and the 
triangle is impossible. 

126. The results of Art. 125 may be stated as follows : 

If, of the given sides, that adjacent to the given angle is 
the leas^ there is but 07ie solution, corresponding to the acute 
value of the opposite angle. 

If the side adjacent to the given angle is the greater, there 
are two solutions unless the log sine of the opposite angle is 
9 or positive ; in which cases there are 07ie solution (a right 
triangle), and no solution, respectively. 

127. We will illustrate the above points by examples : 

2. Given a =7.42, 6 = 3.39, ^=105° 13'; find 5. 
Since 6 is < a, there is but one solution, corresponding to 
the acnte value of B, 
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We have, sm B = • 

log 6 = 0.5302 

colog a = 9.1296 

log sin ^ = 9.9845 

log sin J5 = 9.6443 
.-. 5=26°9.6'. 

8. Given 6 = 3, c=2, 0=100°; find 5. 

Since 6 is > c, and C is obtuse, the triangle is impossible. 

4. Given a =22.764, c = 50, ^ = 27M.8'; find O. 

w u . ^ csin^ 

We have, sm C7= • 

a 

log c= 1.6990 

colog a = 8.6428 

log sin ^ = 9.6582 

log sin C= 0.0000 
.-. sin (7=1, and (7=90°. 
Here there is but one solution ; a right triangle. 
6. Given a =.83, 6 =.715, 5= 61° 47'; find ^. 

We have, sin ^ = ?^^i5j?. 
h 

log a = 9.9191 

colog 6 = 0.1457 

log sin 5 = 9.9451 

log sin A = 0.0099 
Since log sin A is positive, the triangle is impossible. 

EXAMPLES. 
Solve the following triangles : 

6. Given a = 5.08, 6 = 3.59, ^=63° 50'. 

7. Given b = 74.8, c = 62.2, C = 27° 18'. 
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8. Given 6 = .2337, c = .1982, 5 = 109^ 

9. Given a =1.07, c = 1.71, (7 = 31° 53'. 

10. Given a = .1864, b = .17, B = 63° 40'. . 

11. Given a=60, c = 66, ^=123°11'. 

12. Given h = 60.3, c = 66.8, C = 32° 49'. 
18. Given a = 8.656, c = 10, A = 59° 57'. 
14. Given 6 = 5.161, c = 6.84, J5=44°3'. 
16. Given a = 214.56, b = 284.79, B = 104° 20'. 

16. Given b = 3069, c = 1223, C = 55° 52'. 

17. Given a = .7097, c = .5112, A = 35° 11'. 

18. Given a =106.85, 6 = 166.21, -4 = 40°0'21". 

19. Given a = .3216, c = .2708, C = 52° 24'. 

20. Given 6 = 811.3, c = 606.4, JB = 126° 5' 20". 

AREA OF AN OBLIQUE TRIANGLE. 
128. 1. Givena=18.063, ^ = 96°30', 5 = 35°; find ^. 
By Art. 119, 2A-= "^^^".^f ^ 

= a^ sin B sin (7 esc A. 

Whence, 

log (2 K) = 2 log a + log sin B + log sin C + log esc A, 

From the data, 

(7= 180°- (^ -f 5) = 48° 30'. 

log a = 1.2568 ; multiply by 2 = 2.5136 
log sin -8 = 9.7586 
log sin (7 = 9.8745 
log CSC ^=0.0028 

log (2^)= 2.1495 

.-. 2K= 141.1, and K= 70.55. 
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EXAMPLES. 
Find the areas of the following triangles : 

2. Given a = 88, c=61.2, ^ = 67°56'c 

3. Given a = 5, & = 7, c = 6. 

4. Given 6 = 2.07, ^=70°, ^ = 36^23'. 
6. Given 6 = 116.1, c = 100, ^=118° 16'. 

6. Given a = 79, 6 = 94, c=67. 

7. Given a = 3.123, ^ = 53° 11', ^=13^57'. 

8. Given b = .439, ^ = 76° 38', 0= 40° 35'. 

9. Given a = 23.1, & = 19.7, c=25.2. 

10. Given a = .3228, c = .9082, B = 60° 16'. 

11. Given c= 80.25, 5 =100° 5', 0=31° 44'. 

12. Given a= .010168, b = .018225, = 11° 18' 26". 
18. Given a = 5.82, 6 = 6, c=4.26. 

MISCELLANEOUS EXAMPLES. 

129. 1. From a point in the same horizontal plane with 
the base of a tower, the angle of elevation of its top is 
52° 39', and from a point 100 feet further away it is 35° 16'. 
Requu*ed the height of the tower, and its distance from each 
of the points of observation. 

2. In a field ABCD, the sides AB, BC, CD, and DA are 
155, 236, 252, and 105 rods, respectively, and the length of 
a line from -4 to is 311 rods. Find the area of the field. 

3. From the top of a bluff, the angles of depression of 
two posts in the plain below, in line with the observer and 
1000 feet apart, are found to be 27° 40' and 9° 33', respec- 
tively. What is the height of the bluff above the plain ? 

4. Two yachts start at the same time from the same 
point, and sail, one due north at the rate of 10.44 miles an 
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hour, and the other due northeast at the rate of 7.71 miles 
an hour. How far apart are they at the end of 40 minutes ? 

8. A ship is sailing due southwest at the rate of 8 miles 
an hour. At 10.30 a.m., a lighthouse is observed to bear 
30^ west of north, and at 12.15 p.m., it is observed to bear 
15® east of north. Find the distance of the lighthouse from 
each position of the ship. 

6. Wishing to find the distance of an inaccessible object 
A from a position J9, I measure a line BC^ 208.3 feet in 
length. The angles ABG and ACB are measured, and 
found to be 126** 35' and 31° 48', respectively. Required the 
distance AB. 

7. A flagpole 40 feet in height stands on the top of a 
tower. From a position near the base of the tower, the 
angles of elevation of the top and bottom of the pole are 
38® 53' and 20® 18', respectively. Required the distance and 
height of the tower. 

8. A surveyor observes that his position A is exactly in 
line with two inaccessible objects B and C He measures a 
line AD, 500 feet in length, making the angle BAD = 60®, 
and at D observes the angles ADB and BDC to be 40® and 
60®, respectively. Required the distance BC. 

9. To find the distance between two buoys A and B, I 
measure a base line CD on the shore, 150 feet in length. 
At the point O the angles ACD and BCD are measured and 
found to be 95® and 70®, respectively ; and at D the angles 
BDC and ADC are found to be 83® and 30®. What is the 
distance between the buoys? 

10. The sides of a field ABCD are AB=37, 50=63, 
and DA = 20, and the diagonals AC and BD are 75 and 42, 
respectively. Required the area of the field. 
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PORMUT.^.. 
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Art. 10. 


sin^ = 
cos^ = 


a , A a A c ^ 

= -•> tan ^ = -9 9ec^ = -i 
ebb 

^ \ A ^ A "^ 

= -•) cot ^ = -9 csc-4 = — 
c a ^ , 


■ (1) 




sinB = 
eosB = 


= -» tan^=-i secB = -? 
c a a 

= % cot5=^, csc5 = -. 
c . b b ^ 


■ (2) 


Art. 1-8. 








sin^ = 
cos^ = 


• 1 

CSC -4 

1 

sec^ 


tan^ = -1 sec^ = -» 

cot A cos A 

oni 4 — oqp 4 — . 


■ (3) 


tan A sm ^ ^ 




Art. 19. 




sin' A + cos* A=\. 


(*) 


Art. 20. 








tan -4 = 


sin^ 
cos -4 


(5) cot^-*'"^^. 
sin^ 


(6) 


Art. 21. 








aec^A= 


= 1 + tan^ A. (7) csc*^ = 1 + cot^ u 


4. (8) 



cos(— ^)= cos^, 
cot(— ^)= —cot J., 

C8C(— ^)= —CSC -4. 



Art. 42. 

sin (— ^)= — sin^, 
tan ( —A) = —tan -4, 
sec(— ^)= sec -4, 

Art. 44. 

sin (90**+^)= cos J, cos (90^4-^)= -sin ^, 

tan (90°+ A) = -cot A, cot (90°+ A) = -tan -4, 

sec (90°+^)= -CSC ^, csc(90°+^)=: sec^. 



(9) 



(10) 



98 FORMULAE. 

Art. 117. 008^ = ^ + ^""^' - (55) 

cos 5=—^— • (56) 

2ca 

2ao 



Art. 118. 8mM=\| ^'~^^'~'^ ' (») 



to^B=J(£:i:£K£.-«>. (59) 

\ ca 

jc= JiiE^SHy . (60) 

M ' ab 



sin^ 



cos 



Art. 119. 



*^=S|'^^^- (61) 

cosiB=J?^^^. (62) 
\ ca 

cosiC=^^i^. (63) 

, ^ |(s — 6)(s — c) ,^x 



2R = hcs\nA. (67) 2K= ; — (70) 

sin -4 

2K=^caainB. (68) .^j^_ 6^ sinCsin^ ^^x 

sin^ 
2^=a6 8inC. (69) , ^ - a - t, 

2 ^_ (f sm^sin^ ,^2 ^ 

sinO 



^=: y/ s (s - a) (s - 6) (s - c) . (73) 



ANSWEES. 



Art. 9; page 3. 

9. 28° 38' 52.4". 14. 114° 35' 29.6". 

13. 42° 58' 18.6". . 16. 100° 54' 5.1". 
16. 30° 40' 33.8". 

Art. 91; page 57. 

2. .7781. 7, 1.3222. 12. 1.9912. 17. 2.1303. 

3. 1.1461. 8. 1.7993. 13. 2.0212. 18. 2.2252. 

4. .9030. 9. 1.7481. 14. 2.0491. 19. 2.1673. 
6. 1.0791. 10. 1.9242. 15. 2.1582. . 20. 2.5741. 
6. 1.1761. 11. 1.6532. 16. 2.3343. 21. 2.5353. 

Art. 93; page 5B. 

2. .3680. 6. 1.5441. 8. .2252. 11. .8539. 

3. .1549. 6. .1182. 9. 2.2431. 12. .7660. 

4. .5229. 7. 2.0970. 10. 1.0458. 18. .7360. 

Art. 96; page 59. 

3. .2863. 9. 4.5844. 16. .1165. 22. .2601. 

4. 2.7090. 10. 3.2620. 16. .3860. 28. .6884. 

5. 4.2255. 11. .9801. 17. .2212. 24. .1840. 

6. .1398. 12. .4225. 18. .1750. 26. .2215. 

7. .7194. 13. .1590. 20. 2.6145. 26. .2494. 

8. .6611. 14. .0430. 21. .1678. 27. .1449. 
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Art. 96; page 60. 



2. 


.2552. 


7. 


7.7323-10. 


12. 


2.4804. 


3. 


.3522. 


8. 


6.4983 - 10. 


13. 


8.7905 - 10 


4. 


9.2922 - 


10. 9. 


3.8663. 


14. 


6.3588. 


5. 


8.6811 - 


10. 10. 


.6074. 


15. 


.1964. 


6. 


1.5841. 


11. 


9.6511 - 10. 


16. 


.1688. 






Art 105 


page* 65 and 66. 




1. 


8.454. 


19. 


-1.184. 


40. 


.5010. 


2. 


10.73. 


20. 


.000007038. 


41. 


1.062. 


3. 


- 2202. 


21. 


2.924. 


42. 


- .9102. 


4. 


.2179. 


22. 


.9146. 


43. 


1.093. 


5. 


.01157. 


23. 


4.638. 


44. 


.7035. 


6. 


- .7032. 


24. 


.0000639. 


45. 


.5807. 


7. 


7.672. 


25. 


1.414. 


46. 


- .6313. 


8. 


.6688. . 


26. 


1.495. 


47. 


24.62. 


9. 


- 3.908." 


27. 


- 1.246. 


48. 


.2979. 


10. 


1782. 


28. 


.6558. 


48. 


98.50. 


11. 


.3500. 


29. 


.2846. 


50. 


1.660. 


12. 


- .4748. 


30. 


2.372. 


51. 


3.076. 


13. 


.4127. 


31. 


-.5142. 


52. 


.8678. 


14. 


-4.671. 


32. 


.1588. 


53. 


1.134. 


15. 


.2415. 


35. 


5.883. 


54. 


.5881. 


18. 


-.0725. 


36. 


.7885. 


55. 


1.805. 


17. 


13587. 


37. 


1.195. 


56. 


.003229. 


18. 


.006415. 


38. 
39. 


.6803. 
.6443. 


57. 


.03344. 



Art. 110; pages 69 to 72. 

1. a =7. 708, 6 = 8.124. 3. a = 24.37, c = 53.56. 

2. 6 = 1883, c = 2019.5. 4. ^ = 43° 17.9', 6 =.6622. 
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6. ^ = 68° 12.2', c = 5.385. 

6. h =26.91, c = 87.64. 

7. a =.02309, 6 = .01452. 

8. ^ = 55°36.r, a = 4.216. 

9. a =5571, c=7007. 

10. ^ = 41° 2.4', c= 153.8. 

11. h =167.6, c = 230.5. 

12. a =30.51, 6=18.59. 
18. ^ = 47° 52.5', 6 = 184.7. 
14. a =2.847, c= 3.287. 
16. a =5.4125, c= 14.306. 

16. a =.7133, 6 =.1367. 

17. ^ = 51^51.9', c = 811.7. 

18. h =42.27, c = 208.15. 

19. ^ = 58° 35.7', a =.0409. 

20. h =76.13, c=1877. 

21. ^ = 36M5.9', c = 41.22. 

22. ^ = 65° 30', a = 3.153. 

23. a =36992, 6 = 4021. 

24. a =410.5, c = 456.7. 
28. ^ = 55° 44.1', c = 411.5. 

26. ^ = 58° 40', 6=1.0405. 

27. 6 =.3245, c=.8828. 

28. a =264.9, 6=75.95. 

29. a =176.64, c = 213.65. 
80. ^ = 30° 17.2', c = 20.04. 
54. Rate, 6.792 miles an hour; bearing, 63° 8.4' west of 

north. 

Art. 112 ; page 74. 

2. 69.03. 6. .08938. 8. 1.223. 

3. .151. 6. 8208. 9. 107.2. 

4. 5695. 7. .002245. 10. .1017. 



31. 


c = 25.206. 


32. 


a = 1.735. 


33. 


c = 2725.6. 


34. 


^ = 47° 42.9'. 


35. 


a = .8346. 


36. 


a =49.25. 


37. 


14.106 in. 


38. 


78.12 ft. 


39. 


31° 47.1'. 


40. 


36" 37.9'. 


41. 


99.45 miles. 


42. 


11.371 in. 


43. 


19° 50'. 


44. 


399.5 ft. 


46. 


First, 25;22 miles; 




second, 30.07 miles. 


46. 


21j65 ft. 


47. 


14.487 in. ; 15.682 in. 


48. 


453.7 ft. 


48. 


17.26 in. 


50. 


389.4 ft. 


51. 


437.6. 


52. 


5.773 in. 


53. 


481.9 ft. 
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Art. 121; page M. 

2: 6=15.837, c= 14.703. 7. a = .01 1162,6=. 006962. 

3. a =.445, c=.9942. 8. 6 = 447.4, c = 425.7. 

4. a=. 01913, 6 =.02272. 9. a = 342.6, c = 303.3. 
6. 0=33.78, c = 18.54. 10. a= 11.067, 6=6;067. 
6. 6 = 8.24, c = 5.464. 

Art. 122; page 85. 

2. ^=100° 56.7', 6=19.78. 7. ^=35° 1.9', 6=12.78. 

3. A= 83** 14.7', c=383.5. 8. ^=59° 16.3', c=60.74. 

4. 5= 39M5.8',a=3.211. 9.5 = 2^1.2', a=.06699. 
6.^= 24° 41.8', c=. 5886. 10. ^=40*52' 19", 6=77.14. 
6. 5=143^*29.1', a = 886.4. 

Art. 123; page 88. 

'3. ^=28^*57.4', B= 46° 34.2', C= 104° 28.4'. 

4. ^ = 34° 46.4', B= 86° 24.8', (7= 58° 49'. 

6. ^=74° 40', 5= 47° 46.4', (7= 57° 33'. 4'. 

6. ^ = 58° 26', B= 74° 23.8', C= 47° 10.6'. 

7. ^ = 55° 55.4', B= 79° 43.8', (7= 44° 20'. 

8. ^ = 49° 24.2', B= 58° 38', C= 71° 57.8'. 

9. ^ = 60° 50.8', B= 46° 6.2', C= 73° 1.6'. 
10. ^=18° 12.4', 5= 135° 50.6', (7= 25° 56.6'. 

Art. 127 ; pages 91 and 92. 

6. 5= 39° 21.3', c = 5.511. 

7. Bz= 33° 28.4', a =118.33; 
or, S= 146° 31.6', a = 14.58. 

8. (7= 53°18.9^ a =.07508. 

9. ^= 19° 18.1', 6 = 2.522. 
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10. 


A= 79° 20', 


c=. 11416; 








or, 


, A = 100° 40', 


c=. 05121. 








11. 


Impossible. 










12. 


B= 24° 5.4', 


a =103.3. 








13. 


C= 90°, 


b = 5.007. 








U. 


C= 67° 10', 


a = 6.918; 








or, 


, C=112°50', 


a = 2.91dk 








16. 


A= 46° 53.3', 


, c= 141.48. 








16. 


Impossible. 










17. 


C= 24° 31.4', 


, 6=1.0637. 








18. 


B^ 90°, 


c= 127.32. 








19. 


A= 70° 12', 


6 = .2879; 








or 


,^=109° 48', 


6 =.1045. 








20. 


C= 37° 10', 
Art. 128; 


o = 289.3. 
page 93. 






2 


1077.9, 


6. 2604. 


10. 


.1273. 


3. 


14.697. 


7. 1.353. 


11. 


, 4491. 


4. 


3.257. 


8. .06858. 


12. 


.00001817, 


5. 


5114. 


9. 21i 


5.9. 


13. 


11.732. 



Art. 129 ; pages 93 and 94. 

1. Height of tower, 153.64 ft. ; distance from first point, 
117.27 ft. ; from second, 217.27 ft. 

2. 29800 square rods. 

3. 247.7 ft. 

4. 4.927 miles. 

6. From first position, 9.9 miles; from second, 19.122 
miles. 

6. 298 ft. 

7. Distance, 91.66 ft. ; height, 33.9 ft. 

8. 1113.1ft 9. 248 ft. 10. 1569.6. 
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USE OP THE TABLES. 

I. USE OF THE TABLE OF LOGARITHMS OF NUMBERS. 

This table (pages 12 and 13) gives the mantissae of the 
logarithms of all numbers of three figures from 100 to 1000, 
calculated to four places of decimals. 

To FIND THE Logarithm of any Number of Three 
Figures. 

Find in the column headed " No." the first two figures of. 
the given number. Then the mantissa required will be found 
in the corresponding horizontal line, in the vertical column 
headed by the third figure of the number. 

Finally, prefix the characteristic by the rules of Art. 86. 

For example, log 168 = 2.2253 ; 

log .0344 = 8.5366 - 10 ; etc. 

For numbers of one or two figures, the column headed 
may be used ; for bj' Art. 97, log 83 has the same mantissa 
as log 830, and log 9 the same mantissa as log 900. 

Thus, log 83 = 1.9191, and log 9 = 0.9542. 

To find the Logarithm of a Number of more than 
Three Figures. 

1. Required the logarithm of 327.6. 

We find from the table, 

log 327 = 2.5145, 

log 328 = 2.5159. 

That is, an increase of one unit in the number produces 
an increase of .0014 in the logarithm. 



2 USE OF THE TABLES. 

Therefore an increase of .6 of a unit in the number will 
produce an increase of .6 x .0014 in the logarithm, or .0008 
to the nearest fourth decimal place. 

Hence, log 327.6 = 2.5145 + .0008 = 2.5153. 

Note L The difference between anj mantissa in the table and the 
mantissa of the next higher number of three figures, is called the 
tabular difference. The subtraction maj be performed mentally. 

The following rule is derived from the above : 

Find from the table the mantissa of the first three significant 
figures J and the tabular difference. 

Multiply the loiter by the remaining figures of the number, 
with a decimal point before them. 

Add the result to the mantissa of the first three figures j and 
prefix the proper characteristic. 

EXAMPLES. 

2. Find the logarithm of .021508. 

Mantissa of 215 = 3324 Tabular difference = 21 
2 .08 



3326 Correction = 1.68 

= 2, nearly. 
Result, 8.3326 - 10. 

Find the logarithms of the following : 

3. 80. 7. .7723. 11. 20.08. 16. 5.1809. 

4. 6.3. 8. 1056. 12. 92461, 16. 1036.5. 
6. 298. 9. 3.294. 13. .40322. 17. .086676. 
6. .902. 10. .05205. 14. .007178. 18. .11507. 

To FIND THE Number Corresponding to a Logarithm. 
1. Required the number whose logarithm is 1.6571. 
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Find in the table the maDtissa 6571. 

In the corresponding line, in the column headed " No.," 
we find 45, the first two figures of the required number, and 
at the head of the column we find 4, the third figure. 

Since the characteristic is 1, there must be two figures to 
the left of the decimal point (Art. 86) . Hence, 

Number corresponding to 1.6571 = 45.4. 

2.- Required the number whose logarithm is 2.3934. 

We find in the table the mantissa 3927, whose correspond- 
ing number is 247, and the mantissa 3945, whose correspond- 
ing number is 248. 

That is, an increase of 18 in the mantissa produces an 
increase of one unit in the corresponding number. 

Hence, an increase of 7 in the mantissa will produce an 
increase of ^^ of a unit in the number, or .39 nearlj' ; that is, 

Number corresponding = 247 -f .39 = 247.39. 

We derive the following rule from the above operation : 

Find from the table the next less mantissa^ the three figures 
corresponding^ and the tabular difference. 

Subtract the next less from the given mantissa, and divide 
the remainder by the tabular difference. 

Annex the quotient to the first three figures of the number^ 
and point off the result. 

EXAMPLES. 

3. Find the number whose logarithm is 7.0256 — 10. 

0256 
Next less mantissa = 0253 ; three figures corresponding =5 106. 

Tabular difference =41)3.00(.07, nearly. 

Since the characteristic is 7 — 10, there must be two ciphers 
between the decimal point and first significant figure (Art 86) . 

Hence, Number corresponding = .0010607. 



4 USE OF THE TABLES. 

Find the nnmbers corresponding to the following logarithms : 
4. 1.8055. 9. 8.1648-10. 14. 1.6482. 

6. 9.4487-10. 10. 7.5209-10. 16. 7.0450-10. 

6. 0.2165. 11. 4.0095. 16. 4.8016. 

7. 3.9487. 12. 0.9774. 17. 8.1144-10. 

8. 2.7364. 13. 9.3178-10. 18. 2.7015. 

11. USE OF THE TABLE OF LOGARITHMIC SINES, 
COSINES, ETC. 

This table (pages 14 to 19) gives the logarithms of the 
sines, cosines, tangents, and cotangents of all angles at inter- 
vals of 10 minutes from 0° to 90°. 

For angles between 0° and 45®, the degrees and minutes 
will be found in the left-hand column, and the functions in 
the columns designated by the names at the top; that is, 
sines in the first column, cosines in the second^ tangents in 
the third, and cotangents in the fourth. 

For angles between 45° and 90°, the degrees and minutes 
will be found in the right-hand column, and the functions in 
the columns designated by the names at the foot; that is, 
cosines in the first column, sines in the second, cotangents 
in the third, and tangents in the fourth. 

If onl}' the mantissa of the logarithm is found, the charac- 
teristic may be obtained from the nearest logarithm in the 
same column, above or below according as the angle is 
below or above 45°, in which the characteristic is given. 

Since the sines and cosines of all acute angles, the tan- 
gents of angles between 0° and 45°, and the cotangents of 
angles between 45° and 90°, are less than unity, the charac- 
teristics of their logarithms have been increased by 10, and 
— 10 must be written after the mantissa ; in all other cases, 
the true value of the characteristic is given in the table. 
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Thus, log sin 38° 30' = 9.7941 - 10 ; 

log tan 66° 20' = 0.3583 ; 
log cot 79° 10' = 9.2819 - 10 ; 
log cos 89° 40' = 7.7648 - 10 ; etc. 

To FIND THE Logarithmic Sine, Cosine, Tangent, or 

Cotangent, op any Acute Angle expressed 

IN Degrees and Minutes. 

RULE. 

Find from the table the logarithmic sine^ cosine^ tangent^ or 
cotangent of the next less multiple of ten minutes, and the 
difference for 1' corresponding. (See Note II. below.) 

Multiply this difference by the nuraber of minutes remaining. 

Ifdv^ or tangent, add | ^^^^ ,^.,^^„. 

If cosine or cotangent, subtract ) 

Note II. The columns to the right of those headed "sin./' "cos./' 
and "tan./' contain the respective differences for 1'; the right-hand col- 
umn of differences is also to be used with the column headed " cot." 

It will be observed Uiat the difference does not stand in the same 
horizontal line with the logarithm, but midway between it and the next. 
The difference should always be taken corresponding to the interval in 
which the angle is situated ; thus, in finding log sin 79° 53', the differ- 
ence corresponding to the interval between 79° 60' and 80° is 7.1. 

Note HL The rule assumes that the differences of the logarithmic 
functions are proportional to the differences of their corresponding 
angles, which, unless the angle is very near to 0° or 90°, is in general 
sufficiently exact for practical purposes. (See page 8.) 

Note IV. If the angle is expressed in degrees, minutes, and sec- 
onds,- the seconds should be reduced to the decimal part ot a minute 
before applying the rule. 

EXAMPLES. 

1. Find log tan 17M4'. 

log tan 17° 10' = 9.4898 -10 D. 1'= 4.6 

18 4 

Result, 9.4916-10. Corr. = 18.0 
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2. Find log cos 66** 33.5'. 

log COB 66** 30' = 9.6007 -10 D. 1'= 2.9 

10 3.5 

Result, 9.5997-10. 1.45 

8.7 



CoiT. = 10.15 = 10, nearly. 
Find the values of the following : 
8. log tan 35° 19'. 7. log tan 82° 3' 20". 

4. log sin Gl°58'. 8. log sin 55° 11.8'. 

6. log cot 12° 34'. 9. log cos 30° 42.5'. 

6. log cos 26° 56'. 10. log cot 48° 3' 43". 

To FIND THE Acute Angle Corresponding to a given 
Logarithmic Sine, Cosine, Tangent, or Cotangent. 

RULE. 

Find in the table the next less logarithmic sine^ cosine^ tan- 
gent^ or cotangent^ the degrees and minutes corresponding^ 
and the difference for V. (See Note II.) 

Subtract the next less from the given loganthm^ and divide 

the remainder by the difference for 1', giving the correction in 

minutes. 

If sine or tangent, add ") ., . 

•^ if ' L fjiig correction. 

If cosine or cotangent, subtract J 

Note V. In searching for the next less logarithm, attention must 
be paid to the fact that the functions are found in different columns 
according as the angle is below or above 45°. 

If, for example, the next less logarithmic sine is found in the column 
with "sin." at the top, the degrees and minutes must be taken from the 
left-hand column ; but if it is foimd in the column with " sin." at the 
foot, they must be taken from the right-hand column. Similar consid- 
erations apply to the other three functions. 

Note VI. It would of course be equally correct to look out the 
next greater logarithm, and subtract the correction for sines and tan- 
gents, and add it for cosines and cotangents. 



USE OF THE TABLES. 7 

EXAMPLES. 

1. Find the angle whose log sin = 9.9594 — 10. 

9.9594-10 
Next less log sin = 9.9590 — 10 ; angle corresponding = 65® 30'. 

D.l'=. 6)4.00(6.7, nearly. 
3.6 

.40 
Adding the correction, the angle corresponding is 65® 36. 7'^ 

2. Find the angle whose log cot = 0.1696. 

0.1696 
Next less log cot = 0.1683 ; angle corresponding = 34° 10'. 

D. 1' = 2.7)13.00(4.8, nearly. 
10.8 



2.20 
Subtracting the correction, the angle corresponding is 34® 5.2'. 

Find the angles corresponding in the following cases : 

3. log tan = 0.9164. 7. log cos = 9.2279 — 10. 

4. log cos = 9.9238 -10. 8. log cot = 9.4700 - 10. 
6. log sin = 9.8630 - 10. 9. log sin =9.1891 - 10. 
6. log cot = 0.2154. 10. log tan = 0.0502. 

To FIND THE Logarithmic Secant or Cosecant of 
ANY Acute Angle. 

Since sec x = — ^ and esc x = -: — i we have by Art. 1 03, 
cos X sm X '^ 

log sec X = colog cos a:, and log esc x = colog sin x. 

That is, 

To find the logarithmic secatU^ subtract the logarithmic 
cosine from 10 — 10 ; and to find the logarithmic cosecant^ 
subtract the logarithmic sine from 10 — 10. 
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EXAMPLES. 

1. Find log sec 22** 38'. 
From the table, we find 

log cos 22** 38' = 9.9652 - 10. 
Subtracting from 10 — 10, we have 

log sec 22° 38' = 0.0348. 

Find the values of the following : 

2. logcsc65M2'. 3. log sec 80° 7.3'. 

Find the angles corresponding in the following cases : 
4. log sec = 0.4003. 6. log esc = 0.1888. 

Note VIL The logarithmic cotangent of an angle may be obtained 
by subtracting the logarithmic tangent from 10 — 10. 

More Accurate Method for Angles near to 0" or 90**. 

It was stated in Note III., page 5, that in general the 
differences of the logarithmic functions are approximately 
proportional to the differences of their corresponding angles. 
It will be seen from the table that this is not the case with 
the logarithmic sines, tangents, and cotangents of angles 
near to 0°, nor with the logjirithmic cosines, tangents, and 
cotangents of angles near to 90°. 

Thus, the tabular difference for 1' in the case of the log- 
arithmic sine, tangent, or cotangent of an angle between 40' 
and 50' is 96.9, while for an angle between 50' and 1° it is 
79.2. 

A very accurate method for finding the logarithmic sine or 
tangent of an angle near to 0°, or the logarithmic cosine or 
cotangent of an angle near to 90®, is to first calculate the 
natural function by aid of the table of natural sines and 
cosines, or of natural tangents and cotangents, and then 
find the logarithm of the result. 
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To find the angle corresponding in similar cases, find the 
number corresponding to the logarithmic function, and then, 
by aid of the tables of natural functions, calculate the angle 
corresponding to the result. 

EXAMPLES. 

1. Required log sin 0° 56'. 

From the table of natural sines and cosines, we obtain 

natural sin 0° 56' = .016289. 

Whence, log sin 0° 56' = 8.2119 - 10. 

This result is correct to the last place of decimals ; by the 
ordinary method we should have obtained 8.2102 — 10. 

2. Required the angle whose log tan = 8.0302 — 10. 
The number corresponding to this logarithm is .01072. 
From the table of natural tangents and cotangents, the 

angle whose natural tangent is .01072 is 36.85', or 36' 51". 

The correct result is 36' 51.1"; by the ordinary method 
we should have obtained 37.15', or 37' 9". 

Note VlII. To find with accuracy the log cotangent of an angle 
near to 0°, find the log tangent of the angle by the above method, and 
then take the cologaritkm of the result. (See Note ¥11., page 8.) 

To find the angle corresponding to a log cotangent in a .similar case, 
find the log tangent of the angle (Note VII.), and then find the angle 
corresponding as above. 

Note IX. To find the log tangent of an angle near fo 90°, find the 
log tangent of its complement, and take the cologaritkm of the result. 
(See Note VIII.) 

To find the angle corresponding in a similar case, find the angle 
corresponding to its cologarithm, and take the complement of the 
result. 

Note X. The more accurate method should be employed in find- 
ing the log sines, tangents, or cotangents of angles between 0° and 5^, 
or the log cosines, tangents, or cotangents of angles between 85° and 
90°, and the angles corresponding in similar cases. For angles 
between 6° and 85° the ordinary method is sufficiently exact. 
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Find the values of the following : 

3. log sin 3** 32'. 6. log tan 2** 28.2'. 

4. logco8 88M7'. 6. log cot 55' 14". 

Find the angles corresponding in the following cases : 

7. log sin = 7.8702 - 10. 9. log cot = 8.2892 - 10. 

8. log cos = 8.6150 - 10. 10. log tan = 1.7869. 

To FIND THE Logarithmic Functions of any Angle not 

LYING between THE LiMITS 0° AND 90°. 

By Art. 54, any function of any angle may be expressed 
as a function of a certain acute angle ; and hence the table 
of the functions of acute angles serves to determine the 
functions of angles of any magnitude whatever, positive or 
negative. 

For example, required log sin 152° 16*. 

By Art. 54, sin 152° 16' = sin v90° +62° 16') = cos 62° 16' ; 
whence, log sin 152° 16' = log cos 62° 16' = 9.6678 - 10. 

Or we may proceed as follows : 

sin 152° 16' = sin{180° - 27° 44') = sin 27° 44'. 

Note XI. If the natural function is negative^ as for example in the 
case of the cosine of an angle between 90° and 180°, there is no loga- 
rithmic function, strictly speaking. (See Note to Art. 105.) 

In the solution of examples involving such functions, we may pro- 
ceed as if the functions were positive, and determine the algebraic sign 
of the result irrespective of the logarithmic work. Illustrations of this 
will be found in Chapters XI. and XII. 

III. USE OF THE TABLE OF NATURAL SINES AND 
COSINES. 

This table (pages 20 and 21) gives the natural values of 
the sines and cosines of all angles at intervals of 10 minutes 
from 0° to 90°, calculated to four places of decimals. 
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Its use is similai* to that of the table of logarithmic func- 
tions, except that the tabular differences for 1' are not given, 
but are to be calculated from the table when required. 

EXAMPLES. 

1. Required sin 48^52^ 

sin 48^ 50' = .7528. 

The difference between this and sin 49® 0' is .0019. 

Difference for 1'= .00019 
2 



Correction for 2' = .00038 = .0004, nearly. 
Therefore sin 48° 52' = .7528 + .0004 = .7532. 

2. Required the angle whose cos = .6103. 

.6103 
Next less cos = .6088 ; angle corresponding = 52*^ 30'. 

Difference for 1' = 2.3)15.00(6.5, nearly. 
13.8 



1.20 
Subtracting the correction, angle corresponding = 52** 23.5'. 

Find the values of the following : 

3. sin 17** 33'. 4. cos 75M8.3'. 

Find the angles corresponding in the following cases : 
6. sin = .7385. 6. cos = .9280. 

IV. USE OF THE TABLE OF NATURAL TANGENTS 
AND COTANGENTS. 

This table (pages 22 and 23) gives the tangents and co- 
tangents of all angles at intervals of 10 minutes from O'' to 
90" ; its use is similar to that of the table of natural sines 
and cosines. 
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1 


2 


3 


4 


6 


6 


7 


8 





lO 


0000 


0043 


0086 


0128 


0170 


0212 


0253 


0294 


0334 


0374 


II 


0414 


0453 


0492 


0531 


0569 


0607 


0645 


0682 


0719 


0755 


la 


0792 


0828 


0864 


0899 


0934 


0969 


10Q4 


1038 


1072 


1106 


13 


"39 


1173 


1206 


1239 


1271 


1303 


1335 


1367 


1399 


1430 


14 


1 461 


1492 


1523 


1553 


1584 


1614 


1644 


1673 


1703 


1732 


15 


1761 


iZ!2 


1818 


1847 


1875 


1903 


1931 


1959 


1987 


2014 


16 


2041 


2068 


2095 


2122 


2148 


2175 


2201 


2227 


2253 


2279 


17 


2304 


2330 


2355 


2380 


2405 
2648 


2430 


2455 


2480 


2504 


2529 


18 


^4ii 


2577 
2810 


2601 


2625 
2856 


2672 


2695 


2718 


2742 


2765 


19 


2833 


2878 


2900 


2923 


2945 


2967 


2989 


20 


3010 


3032 


3054 
3263 


3284 


3096 


3118 


3139 


3160 


3i8r 


3201 


21 


3222 


3243 


3304 


3324 


3345 


3365 


3385 




22 


3424 


3444 


3464 


3483 


3502 


3522 


3541 


3560 


3579 


3598 


23 


3617 


3636 


gii 


3674 


3692 


37" 


3729 


3747 


3766 


3784 


24 


3802 


3820 


3856 


3874 


3892 


3909 


3927 


3945 


3962 


25 


3979 


3997 


4014 


4031 


4048 


4065 


4082 


4099 


4116 


4133 


26 


4150 


4166 


4183 


42C» 


4216 


4232 


4249 


4265 


4281 


4298 


27 


4314 


4330 


4346 


4362 


4378 


4393 


4409 


4425 


4440 


4456 


28 


4472 


4487 


4502 


4518 


4533 


4548 


4564 


4579 


4594 


4609 


29 


4624 


4639 


4654 


4669 


4683 


4698 


47»3 


4728 


4742 


4757 


30 


4771 


4786 


4800 


4814 


4829 


4843 


4857 


4871 


4886 


4900 


31 


4914 


4928 


4942 


4955 


4969 


4983 


4997 


5011 


5024 


5038 


32 


5051 
51S5 


5065 
5198 


5079 


5092 


5105 


5119 


5>32 


5H5 


5«59 
5289 


5172 


33 


5211 


5224 


5237 


5250 


5263 


5276 


5302 


34 


5315 


5328 


5340 


5353 


5366 


5378 


5391 


5403 


5416 


5428 


35 


5441 


5453 


5465 


5478 


5490 


5502 


5514 


5527 


5539 


5551 

a 

5899 


36 


^IP 


5575 


5587 


5599 


5611 


5623 


5635 


5647 


5658 


37 


5682 


5694 


5821 


57«7 


5729 


5740 


5752 


5763 


^5!^ 


38 


5798 


5809 


5832 


5843 




5866 


S 


39 


5911 


5922 


5933 


5944 


5955 


5966 


5977 


5999. 


6010 


40 


6021 


6031 


6042 


6053 


6064 


6075 


6085 


6096 


6107 


6117 


41 


6128 


6138 


6149 


6160 


6170 


6180 


6191 


6201 


6212 


6222 


42 


6232 


6243 


6253 


6263 


6274 


6284 


6294 


6304 


6314 


6325 


43 


6335 


6345 


6355 


6365 


6375 


6385 


6395 


6405 


6415 


6425 


44 


6435 


6444 


6454 


6464 


6474 


6484 


6493 


6503 


6513 


6522 


45 


^Po 


6542 


6551 


6561 


6571 


6580 


6590 


6599 


6609 


66x8 


46 


6628 


6637 


6646 


6656 


6665 
6758 


6675 


6684 




6702 


6712 
6803 


47 


^Z^' 


6730 


6739 


6749 


till 


6776 


6785 


6794 


48 


6812 


6821 


6830 


6839 


6848 


6866 


6875 


6884 


6893 


49 


6902 


6911 


6920 


6928 


6937 


6946 


6955 


6964 


6972 


6981 


50 


6990 


6998 


7007 


7016 


7024 


7033 


7042 


7050 


7059 


7067 


51 


7076 


7084 


7093 


7101 


7110 


7118 


7126 


7»35 


7143 


7152 


52 


7160 


7168 


7177 


7185 


7193 


7202 


7210 


7218 


7226 


7235 


53 


7243 


7251 


7259 


7267 
7348 


7275 
7356 


7284 


7292 


7300 


7308 


7316 


54 


7324 


7332 


7340 


7364 


7372 


7380 


7388 


7396 
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Ho. 





.1 


2 


3 


4 


6 


6 


7 


8 


9 


55 


7404 


7412 


7419 


7427 


7435 


7443 


7451 


7459 


7466 


7474 


56 


7482 


7490 


7497 


7505 


7513 


7520 


7528 


7536 


7543 


7551 


57 


7559 


7566 


7574 


7582 


7589 


7597 


7604 


7^i5 


7619 


7627 


58 


7634 


7642 


7649 


7657 


7664 


7672 


7679 


7686 


7694 


7701 


59 


7709 


7716 


7723 


7731 


7738 


7745 


7752 


7760 


7767 


7774 


60 


7782 
7853 


l^ 


7796 


7803 


7!i° 


7!i^ 


7?^5 


7832 


7839 


7846 


6z 


7868 


7875 


7882 


7889 


7896 


7903 


7910 


7917 


62 

63 


7924 
7993 


7931 
8000 


7938 
8007 


7945 
8014 


7952 
8021 


'^11 


7966 
8035 


7973 
8041 


& 


7987 
8055 


64 


8062 


8069 


8075 


8082 


8089 


8096 


8102 


8109 


8116 


8122 


65 


8129 


8136 


8142 


8149 


815^ 


8162 


8169 


8176 


8182 


8189 


66 


8195 


8202 


8209 


8215 


8222 


8228 


8235 


8241 


8248 


8254 


67 


8261 


8267 


8274 


8280 


8287 


8293 


8299 


8306 


8312 


8319 


68 


llU 


8331 


8338 


8344 


8351 


8357 


8363 


8370 


8376 


8382 


69 


8395 


8401 


8407 


8414 


8420 


8426 


8432 


8439 


84*5 


70 


8451 


8457 


8463 


8470 


8476 


8482 


8488 


8494 


8500 


8506 


71 


85'3 


8519 


8525 


8531 


8537 


8543 


8549 


8555 


8561 


8567 


7a 


lill 


8579 


8585 


8591 


8597 


8603 


8609 


8615 


8621 


8627 


73 


8639 


8645 


8651 


8657 


8663 


8669 


8675 


8681 


8686 


74 


8692 


8698 


8704 


8710 


8716 


8722 


8727 


8733 


8739 


8745 


75 


l^ 


8756 


8762 
8820 


8768 


8774 


8779 


8785 


8791 


8797 


8802 


76 


8814 


8825 


8831 


8837 


8842 


8848 


8854 


8859 


77 


8865 


8871 


8876 


8882 


8887 


8893 


8899 


8904 


8910 


8915 


78 


8921 


8927 


8932 


8938 


8943 


8949 


8954 


8960 


8965 


8971 


79 


8976 


8982 


8987 


8993 


8998 


9004 


9009 


9015 


9020 


9025 


80 


9031 


9036 


9042 


9047 


9053 


9058 


9063 


9069 


9074 


9079 


8x 


9085 
9138 


9090 


9096 


9101 


9106 


9112 


9117 


9122 


9128 


9133 


8a 


9143 


.9149 


9154 


9159 


9165 


9170 


91.75 


9180 


9186 


83 


9I9I 


9196 


9201 


9206 


9212 


9217 


9222 


9227 


9232 


9238 


84 


9243 


9248 


9253 


9258 


9263 


9269 


9274 


9279 


9284 


9289 


85 


9294 


9299 


9304 


9309 


9315 


9320 


9325 


9330 


9335 


9340 


86 


9345 


9350 


9355 


9360 


9365. 


9370 


9375 


9380 


9385 


9390 


87 


9395 


9400 


9405 


9410 


9415 


9420 


9425 


9430 


9435 


9440 


88 


9445 


9450 


9455 


9460 


9465 


9469 


9474 


9479 


9484 


9489 


89 


9494 


9499 


9504 


9509 


9513 


9518 


9523 


9528 


9533 


9538 


90 


9542 


9547 


9552 


9557 


9562 


9566 


9571 


9576 


9581 


9586 


91 


9590 


9595 


96CX) 


9605 


9609 


9614 


9619 


9624 


9628 


9633 


92 


968^ 


9643 


9647 


9652 


9657 


9661 


9666 


9671 


9675 


9680 


93 


9689 


9694 


9699 


9703 


9708 


9713 


9717 


9722 


9727 


94 


9731 


9736 


9741 


9745 


9750 


9754 


9759 


9763 


9768 


9773 


95 


9777 
9823 


9782 


9786 


9791 


9795 


9800 


9805 


9809 


9814 


9818 


96 


9827 


9832 


9836 


9841 


9845 


9850 


9854 


9859 


9863 


97 


9868 


9872 


9877 


9881 


9886 


9890 


9894 


9899 


9903 


9908 


98 


9912 


9917 


9921 


9926 


9930 


9934 


9939 


9943 


9948 


9952 


99 


9956 


9961 


9965 


9969 


9974 


9978 


9983 


9987 


9991 


9996 
9 


Ho. 





1 


2 


3 


4 


5 


6 


7 


8 



x^ 



LUGARITUMIC MXES. COSIXES, 




TANGENTS AND COTANGENTS. 
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Angle. 


Sin. 


D.l'. 


C08. 


D.l'. 


Tan. 


D. 1'. 


Cot. 




70 30/ 


9.II57 




9-9963 




9.1 194 


9^7 


0.8806 


82° 30' 


7° 40' 


.1252 


9-5 


.9961 




.1291 


•8709 


82° 20' 


7° 50' 
8° 0' 


.1345 
9.1436 


9-3 
9^1 
8.9 
8.7 

l-^ 
8.4 

8.2 

8.0 

7-9 
7.6 


.9959 


.1 
.2 


•1385 


9.4 
9.3 
9.1 

8.9 
8.7 
86 


.8615 


82° id 
82° 0' 


9.9958 


9.1478 


0.8522 


8° 10' 


•1525 


.9956 




.1569 


.8431 


81° 50^ 


8° 20' 


.1612 


•9954 




.1658 


-8342 


81° 40' 


8° 30' 


.1697 


.9952 


2 


-1745 


.8255 


81° 30^ 


8° 40' 


.1781 


•9950 




.1831 


8.4 
8.2 

8.1 

80 


.8169 


81° 20' 


8° 50' 
9° 0' 

9° 10' 


.1863 


-9948 


.2 
.2 


.1915 


.8085 
0.8003 


81° 10' 
81° 0' 

80° 50' 


9-1943 


9.9946 


9.1997 


.2022 


.9944 


.2078 


•7922 


90 20' 


.2100 


-9942 




.2158 


7.8 

7^i 

7^4 

7-3 
7^1 

6.9 
6.8 


.7842 


80° 40' 


9? 30' 


.2176 


•9940 


.2 


.2236 


.7764 


80° 30^ 


90 40' 


.2251 


7-5 


•9938 


•2313 


.7687 


80° 20^ 


90 50' 
10° O' 

10° 10' 


.2324 


7-3 
7.3 
7.1 
7.0 
6.8 
6 8 


•9936 


.2 
•3 

2 


.2389 


.7611 


80° 10' 
80° 0' 

79° 50; 


92397 
.2468 


9-9934 


9-2463 
•2536 


0.7537 
•7464 


-9931 


10° 2d 


.2538 


.9929 


.2 


.2609 


•7391 


79° 40 


10° 30' 


.2606 


.9927 


•3 

.2 


.2680 


.7320 


79O3C/ 


10° 40' 


.2674 


66 


.9924 


.2750 
• .2819 


•7250 
.7181 


K^t 


10° 50' 


.2740 


616 


.9922 


•3. 
.2 

•3 


79° lo' 


11° 0' 

11° 10' 


9.2806 


6.4 

6.4 

6.3 
6 I 


9.9919 
.9917 


9.2887 
.2953 


6.6 

it 

6.1 
6 I 


O.7113 


79° 0' 

78° ^d 


.2870 


.7047 


11° 2d 


•2934 


.9914 


.3020 


.6980 


7So4° 


11° 30; 


.2997 


.9912 


•3 
.2 

•3 

.3 


•3085 


.6915 


7Su3° 


11° 40' 
11° 5c/ 

12° 0' 

12° id 


.3058 
.3119 


6.1 
6.0 

5^9 
5.8 


.9909 
.9907 

9.9904 


.3149 
.3212 

9.3275 


'.6788 


78° 10' 
78° 0' 

77° 50; 


93179 
•3238 


0.6725 


.9901 


•3336 


.6664 


12° 2d 


.3296 


.9899 


.3 
•3 
•3 
•3 
•3 
•3 
•3 
•3 
.3 
.3 
•3 
•3 


•3397 


6 I 


.6603 


77° 40' 


12° 30' 


•3353 


5-7 


.9896 


•3458 


59 

i:i 

5-7 

i? 

5-5 
5.5 
5.4 

5-3 
53 
5-3 
5^1 
5^2 
5-1 


.6542 


77° 30' 


12° 40' 


.3410 


5.5 
5^4 


.9893 


•3517 


.6483 


77° 20^ 


12° 50' 

13° 0' 

13° 10' 


.3466 


.9890 


.3576 


.6424 


77^10' 
77° 0' 
76° 50' 


9.3521 
•3575 


9.9887 


9.3634 


0.6366 


.9884 


•3691 


•6309 


13° 2d 


.3629 


5-4 


.9881 


.3748 


.6252 


76° 40' 


13° 30' 


.S682 


5-3 


.9878 


.3804 


.6196 


76° 30' 


13° 40' 


•3734 


5-2 


•9875 


•3859 


.6141 


76° 20' 


13° SO' 
14° 0' 

14° 10' 


.3786 


5-2 

5-1 
5.0 


.9872 


•3914 


.6086 


76° 10' 
76° 0' 

75° 50; 


9-3837 


9.9869 


9.3968 


0.6032 


•3887 


.9866 


.4021 


•5979 


14° 20' 


-3937 


5.0 


.9863 


•4074 


•5926 


75° 40' 


14° 30' 


.3986 


4-9 


.9859 


•4 
•3 
•3 
•4 


.4127 


•5873 


75° 30; 


14° 40' 


.4035 


4.9 
4.8 
4.7 


.9856 


.4178 


.5822 


75° 20^ 


14° id 
15° 0' 


.4083 


•9853 


•4230 


.5770 


75° 10' 
75° 0' 


9.4130 


9.9849 


9.4281 


0.5719 




Cos. 


D.l'. 


Sin. 


D. 1'. 


Cot. 


i>. 1'. 


Tan. 


Angrle. 
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LOGARITHMIC SINES, COSINES, 



Angle. 



15° O' 

15O 10' 

150 2d 

15° 30' 
15° 40' 
15° Id 

16° 10' 
16° 20' 
16° 30' 
16^ 40' 
16° 50' 
17° C 
\f 10' 

17° 2cy 

17° 40' 
17° 50' 

18° O' 

18° 10' 

18° 2d 
18° 30' 
18° 40' 

18° 5(y 

19° O' 

19^^ \d 
19^ 2d 
19° jc/ 
19° 40' 
190 50' 

20° O' 

20° 10' 
20° 2d 
20° 30' 
20° 40' 

20° 5cy 
21° o 

21° 10' 
21° 2d 



21° 


3C/ 


21^ 


40' 


21° 


SO' 


22^ 


0' 


22° 


ic/ 


22° 


2d 


22° 


30' 



Sin. D. 1'. Cos. . ID. 1'. 



94130 
.4177 
.4223 
.4269 

4314 
.j1359. 
"94403 

•4447 
.4491 

4533 
4576 
. 4618 

94659 
.4700 
.4741 

.4781 
.4821 
.4861 



9.4900 



4939 
4977 
•50»5 
.5052 
.5090 
9.5126 

T'63 
•5199 
•5235 
•5270 
•5306 



9 5341 

•5375 
•5409 
•5443 
•5477 
.5510 



9-5543 

•5576 
.5609 
.5641 
•5673 
•5704 



95736 

.5767 
•5798 
.5828 

Cos. 



4.4 




D.l'. 



9.9849 



99672 
.9667 
.9661 
•965^ 
Sin. D. 1'. 



Tmn. 



9.4281 



•433< 
.438* 
•4430 
•4479 
•4527 



94575 



.4622 
.4669 
.4716 
4762 
.4808 



94853 
.4898 

4943 
.4987 

•5031 
95"8 



.5161 

•5203 

•5245 
.5287 

•5329 



9-5_3_70 
•54" 
•5451 
•5491 
■5531 
. -5571 
9-5611 

•5650 
.5689 

•5727 
.5766 
.5804 

I5842 

•5879" 
•5917 
•5954 
•5991 
.6028 



9.6064 
.6100 
.6136 
.6172 

Cot. 



D. V, Cot. 



5.0 

50 
4.9 
4.9 
4.8 
4.8 

4.7 
4.7 
47 
4.6 
4.6 
45 
45 

4.5 
44 
4.4 

44 
43 
4-3 
42 
4-2 
4.2 
4.2 
4.1 
4.1 
4.0 
4.0 
4.0 
4.0 
4.0 

3-9 

39 
3-8 
3-9 
3.8 
3.8 

37 
3.8 
3.7 
3-7 
3-7 
3.6 

3.6 
3^6 
36 

D.l'. 



057*9 



5669 
5619 
5570 
5521 

5473 



5 425 
5378 
5331 
5284 
5238 
5 *92 

5 '47 



!_?• 



.5102 
5057 
5013 
4969 
49^ 
■4882 

4839 
4797 
4755 
4713 
467' 
4630 
4589 
4549 
4509 
4469 

4 429 
4389 
4350 
431 1 
4273 
4234 
4196 



4158 



4121 
4083 
4046 
4009 
3972 



3936 



3900 
3864 
3828 

Tan. 



76° O' 

74° SO' 
74° 40' 
74^ 30^ 
74° 20' 
74° 10' 
74° O' 

73^ 50; 
73° 40' 
73° 30; 
73° 20^ 
73° 10' 
73° O' 
72° 50' 
72° 40' 
72° 30' 
72° 20^ 
72° lo' 
72° C 
71° 50; 
71° 40' 
71° 30' 
71° 20/ 
71° 10' 
71° O' 
70° 50' 
70° 40^ 
70° 30' 
70° 20^ 
70° \d 

70° O' 

69° so' 
69° 40' 
69° 30' 
69° 20' 
69° 10' 

00° 0' 

6&° so' 
68° 40^ 
68° 30' 
68° 20' 
68° 10' 
68° O' 
67° so' 
67° 40' 
67° 30' 
Ang^le. 



TANGENTS AND COTANGENTS. 
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Angle. SlA. I>. 1'. 



22" 30' 
22° 40' 

22° 50' 

23° O' 

23° 10' 

23° 2C/ 
23° 30' 
23° 40' 

23° so' 
24° O' 
24° 10' 
24° 20' 
24° 30' 
24° 40' 
24° 50' 
25° C 
25° 10' 
25° 2d 
25° 30' 
25° 40' 
25° 50' 

26° O' 

26° 10' 

26° 2C/ 
26° 30' 
26° 40' 
26° 5c/ 

27° O' 
27° \d 
27° 2d 
270 30^ 
27° 40^ 
27° 
28° 



• 50' 



28° 
28° 
28° 
28° 
28° 
29° 
29^ 



29° 
29° 
29° 
29° 
80* 



10' 
2d 
30' 
40' 
Sd 

10' 
20' 
Zd 

40' 

50' 



9.5828 

•5859 

.5«89 



9-59'9 



.5948 

•5978 
.6007 
.6036 
.6065 
9.6093 



.6121 
.6149 
.6177 
.6205 
.6232 



96259 
.6286 

•6313 
.6340 
.6366 
■6392 
9.6418 
"T6444" 
.6470 

.6495 
.6521 

.6546 

9.6570 



•6595 

.6620 

.6644 

.6668 

.6692 

9.6716 

~T6740 

.6763 

.6787 

.6810 

^683^ 

9.6856 

".6878 

.6901 

.6923 

.6946 

.6968 

9.6990 

Cog. 



3-1 
30 
30 
2.9 

3.0 
2.9 

2.9 
2.9 
2.8 
2.8 
2.8 
2.8 
2.8 
2.7 
2.7 
2.7 
2.7 
2.7 
2.6 
2.6 
2.6 
2.6 
2.6 

2.6 
2-5 
24 
2.5 

2-5 

2.4 
2.4 
2.4 
2.4 
2.4 

2.3 
2.4 

2.3 

2-3 

2.3 

2.2 

2'Z 
2.2 

2.3 
2.2 
2.2 

D.l'. 



Cos. D. V. Tan. D. l^ 



9.9656 

.9651 
.9646 



9.9640 
"^635 
.9629 
.9624 
.9618 
•9613 
99607 



.9602 
.9596 
.9590 
.9584 
■9579 



99573 
.9567 
.9561 

•9555 
•9549 
•9543 



9-9537 
.9530 
.9524 
.9518 
.9512 

•9505 
9-9499 
.9492 
.9486 
•9479 
.9473 
.9466 

9^9459. 



•9453 
.9446 

.9439 
.9432 
9425 
99418 
.9411 
.9404 
-9397 
•9390 
•9383 

9-9375 
Sin. D. 1'. 



9.6172 
.6208 
•6243 



9.6279 



.6314 
.6348 
.6383 
.6417 
.6452 



9.6486 



.6520 

•6553 
.6587 
.6620 
■665 4 
9.6687 



.6720 
.6752 
.6785 
.6817 
.6850 



9.6882 
"T6914 
.6946 
.6977 
.7009 
■7040 
9-7072 
•7103 
•7134 
.7165 
.7196 
.7226 



9i7257 
•7287 
•7317 
•7348 
•7378 
.7408 

97438 
.7467 
•7497 
.7526 
•7556 
•7585 

Cot. D. 1'. 



3.6 

3^6 
3-5 
3.4 
3-5 
34 
35 
3-4 
34 
33 
34 
33 
34 
3-3 
Z'Z 
32 
3.3 
3-2 
3-3 
32 
3-2 
3-2 
3-1 
3-2 
3^1 
32 

3^1 
3^1 
3^i 
3-1 
30 
3-1 
30 
30 
3-1 
30 
3^o 
3-0 

2-9 
3-0 
2.9 
30 
2.9 

2.9 



Cot. 



0.3828 
•3792 

•3757 



0.3721 



.3686 
•3652 
.3617 
•3583 
•3548 



035'4 
.3480 
.3447 
•3413 
•3380 
•3346 



o.33£3 
.3280 
.3248 
.3215 
•3183 
.3150 



03118 
.3086 
•3054 
•3023 
.2991 
.2960 



0.2928 



.2897 
.2866 

.2835 
.2804 

•2774 

0.2743 



•2713 
.2683 
.2652 
.2622 
^2592 
0.2562 

^533 
•2503 
.2474 
.2444 

•2415 
0.2386 



67° 30' 
67° 20' 
67° lo' 
67° 0' 
66° 50^ 
66° 40' 
66° 30^ 
66° 20' 
66° 10' 
66° O' 

65^ 50' 
65° 40' 
65^30' 
65° 20^ 
65° 10' 
65° O' 
64° 50' 
64° 40' 
64° 30' 
64° 20' 
64° lo' 

64° O' 

63^50' 
63° 40' 
63° 30' 
63° 20' 
63° 10' 
63° O' 
62° 50' 
62° 40^ 
62° 30' 
62° 20' 
62° lo' 
62° O' 
61° 50^ 
61° 40' 
61° 30' 
61° 20' 
61° 10' 
61 °0' 
60° 50' 
60° 40^ 
60° 30' 
60° 20' 
60° 10' 
60° O' 
Ansfle. 
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LOGARITHMIC SINES, COSINES, 



Angle. 


Sin. 


D.l'. 


Cos. 


D.l'. 


Tan. 


D.l'. 


Cot. 




30P 0' 


9.6990 


2 2 


9.9375 


•7 


9.7614 


30 
2.9 
28 


0.2386 


60° C 


30° 10' 


.7012 


9 I 


.9368 


.7644 


.2356 


59° SO' 


30° 2<y 


•7033 


2 2 


.9361 


•7673 


.2327 


59° 40' 


30° 30' 


.70SS 


2 I 


.93^3 


'I 


.7701 


2.9 
2.9 
2.9 
28 


.2299 


59° 30^ 


30° 40 


7076 


2 I 


•9346 


•7730 


.^270 


59O20; 


30° so' 


•7097 


2.1 


.9338 


.7 
.8 


.7759. 


.2241 


59° 10' 


31° 0' 


9.7118 


2 I 


9.9331 


9.7788 


0.2212 


59° 0' 


31° 10' 


7139 


2.1 
2.1 
2.0 
2 I 


.9323 


.8 

l 

g 


.7816 


2.9 
2.8 

2-1 


.2184 


58° 50' 


31° 20' 

31° 30; 
31° 40 


.7160 
.7181 
.7201 


•9315 
.9308 
.9300 


.7845 
.7873 
.7902 


.2155 

.2127 
.2098 


58° 40' 
58° 30' 
58° 20; 


31° so' 
32° C 


.7222 
9.7242 


2.0 
20 


.9292 
9.9284 


.8 
.8 


.7930 


2.8 
2.8 


.2070 


58° 10' 
68° 0' 


9.7958 


0.2042 


32° 10' 


.7262 


2.0 
2.0 
2 


.9276 


g 


.7986 


2.8 
2.8 
2.8 


.2014 


57° 50' 


32° 2d 


.7282 


.9268 


fi 


.8014 


.1986 


57° 40' 


K ^\ 


•7302 


.9260 


8 


.8042 


.1958 


57° 30; 


32° 40 


.7322 


2 


.9252 


8 


.8070 


2.7 

28 


.1930 


57° 20^ 


32° 50' 


•7342 


1.9 

1-9 


.9244 


.8 


.8097 


.1903 


57° lO' 


33° 0' 


9.7361 


9.9236 


.8 


9.8125 


2.8 


0.1875 


57° C 


33° 10; 


.7380 


.9228 


.9 
g 


lll^ 


21 


.1847 


56° 50' 


33°2(y 


.7400 


1.9 


.9219 


.1820 


56° 40' 


l-f 30' 


.7419 


.9211 


.8 

% 

•9 
.8 
.9 
.9 

1 

•9 
•9 
.9 
.9 
.9 
•9 

I.O 

.9 

.9 

I 


.8208 


2 I 


.1792 


56° 30' 


33° 40; 


.7438 


1-9 
1.9 
1.9 
1.8 

1.8 

1.8 
1.8 
I 8 


.9203 


.8235 


.1765 


56° 20^ 


33° so' 
34° C 

34° 10; 


.7457 

_97476 

.7494 


.9194 
9.9186 


.8263 


2-7 
2-7 

2.7 

2-7 

2.7 
2.7 
2.7 

2-7 

2.7 

2 6 


.1737 


56° 10' 
66° 0' 

55° 50' 


9.8290 


0.I7I0 


•9177 


.8317 


.1683 


34° 2d 


.7S»3 


.9169 


.8344 


.1656 


55° 40^ 


34° 30', 


•7S3I 


.9160 


.8371 


.1629 


ss° 30' 


34° 40' 


•7550 


.9151 


.8398 


.1602 


55° 20^ 


34° SO' 
35° 0' 


.7568 
9.7586 


.9142 


.8425 


•IS75 


55° lo' 
65° 0' 


9.9134 


9.8452 


0.1548 


ZSl 10' 


.7604 


T X 


.9125 


.8479 


.1521 


54° 50' 


35° 20; 


.7622 


I 8 


.9116 


.8506 


.1494 


54° 40^ 


3S° 30 


.7640 


1.7 

1-7 
1.8 

1.7 
1.7 
1.7 


.9107 
.9098 


..8533 


.1467 


54° 30' 


35° 40 


.7657 


:§I 


2.7 
2.7 

2.6 

2.7 

2.6 

9 fi 


.1441 


54° 20^ 


35° 50' 


.7675 


.9089 


.1414 


54° 10' 


36° 0' 

36° 10' 


9.7692 


9.9080 
.9070 


9.8613 
.8639 


0.1387 


54° 0' 
53° 50' 


.7710 


.1361 


36° 20' 


.7727 


.9061 


.8666 


•1334 


53° 40^ 


36° id 


.7744 


.9052 


.8692 


.1308 


53° 30' 


36° 40' 


.7761 


.9042 




.8718 




.1282 


53°2cy 


36° 5(y 
37° 0' 


.7778 


1-7 
1.7 
1.6 


.9033 


•9 
1.0 

.9 


.8745 


2.*J 
2.6 
2.6 


.1255 


53° 10' 
53° 0' 


9.779s 


9.9023 


9.8771 


0.1229 


37° lo' 


.7811 


II 


.9014 


.8797 


2.7 

2.6 


.1203 


52° SO' 


37° 20' 


.7828 


.9004 


.9 
D. 1'. 


.8824 


.1176 


52° 40' 


37° 30' 


.7844 




.8995 


.8850 


.1150 


52° 30^ 




Cog. 


D.l'. 


Sin. 


Cot. 


D.l'. 


Tan. 


Angle. 



TANGENTS AND COTANGENTS. 
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37l SO'^ 
37° 40' 
37° 50' 

38° 10' 

38° 30' 
38° 40' 

38° 5cy 

39° O' 



Angle. Sin. D. V. 



10' 
20' 



39° 30' 
39° 40' 
39° 50' 
40° C 

40° 10' 

40° 2C/ 

40° 30' 

40° 40' 

40° 50' 

41° O' 

41° 10' 
41° 2& 
41° 30' 

41° 40' 
41° so' 

42° <y 
t° icy 
2cy 



42° 30' 
42° 40' 
42° 50' 
43° O' 
43° 10' 

43° 2& 

43° 30' 
43° 40' 
43° so' 
44° O' 
44° 10' 
44° 20' 
44° 30^ 
44° 40' 
44° so' 
45° O' 



9.7844 
.7861 
.7877 



97893 



.7910 
.7926 
•7941 
•7957 
•7973 
97989 
.8004 
.8020 

.803s 
.8050 
.8066 
9.8081 
.8096 
.8111 
.8125 
.8140 
•8155 



9.8169 



.8184 
.8198 
.8213 
.8227 
.8241 



9-8255 
.8269 
.8283 
.8297 
.8311 
.8324 



9:8338 

■8351 
.836^ 
•8378 
.8391 
•8405 
9.8418 

.8431 
•8444 
.8457 
.8469 
.8482 



9-8495 

Cog. 



Cos. D. 1'. Tan. D. 1'. Cot. 



9.8995 

.8985 

_^897S. 

9-8965 



•8955 
.8945 

.8935 
.8925 

.8915 



9-8905 
.8895 



.8874 
.8864 
.8853 



9.8843 
.8832 
.8821 
.8810 
.8800 
_^789 
9.8778 



.8767 
.8756 
•8745 
.8733 
.8722 

.8699 

.8688 
.8676 
.8665 
.8653 



9.8641 



.8629 
.8618 
.8606 

.8594 
.8582 

9-8569 

•8557 
.8545 
.8532 
.8520 

•8507 

9-8495 

Sin. 



D. 1' 



9.8850 
.8876 
.8902 



9.8928^ 

-8954 
.8980 
.9006 
.9032 

9.9084 



.9110 

■9135 
.9161 
.9187 
.9212 
9^238 
.9264 
.9289 
.9315 
-9341 
.9366 



9-9392 



-9417 
•9443 
.9468 

•9494 
-9519 



9-9544 



•9570 

•959S 
.9621 
.9646 
.9671 



9.9697 



.9722 

•9747 
.9772 
.9798 
.98^ 
9.9848 



•9874 
.9899 
.9924 
•9949 
-9975 
0.0000 



Cot. D. V. 



2.6 
2.6 
2.6 
2.6 
2.6 
2.6 
2.6 
2.6 
2.6 
2.6 

2.5 

2.6 
2.6 

2.6 
2.6 

2.6 
2.6 

2.6 

2^5 
2.6 

2.5 

2.6 
2-5 

2.5 

2.6 
2.6 

2.5 

2.6 
2-5 

2.5 

2.6 

2.5 

2.5 

2.6 

2.5 

2-5 
2-5 
2.6 

2.5 



0.1 150 
.1124 
.1098 



0.1072 



.1046 
.1020 

.0994 
.0968 
•0942 

0.0916 



.0890 

.0865 
.0839 
.0813 
.0788 



0.0762 

".0736 

.0711 
.0685 
.0659 
.0634 



0.0608 

"^s'83 
•0557 
•0532 

.0506 

.0481 

0.045 6 



.0430 
.0405 
•0379 
.0354 
.0329 



0.0303 



.0278 
•0253 

.0228 
.0202 

.0177 



0.0152 
.0126 
.0101 
.0076 
.0051 
.0025 



52° 30' 

52° 2( " 

52° lO' 
52° O' 

51° 50^ 

51° 40' 
51° 30^ 
51° 20' 
51° 10' 

51° O' 

50° 50' 

50° 40' 
50° 30^ 

50° 20^ 

50° 10' 

50° (V 

49° 50' 
49° 40' 
49° 30' 
49° 20' 
49° 10' 
49° O' 
48° so' 
48° 40' 
48° 30' 
48° 20' 
48° 10' 
48° O' 

< 50; 
47° 40' 
47° 30' 
47° 20^ 
47° lo' 
47° O' 
46° 50^ 
46° 40' 
46° 30' 
46° 20^ 
46° 10' 
46° O' 

45° 50; 
45° 40^ 
45° 30' 
45° 20^ 
45° 10' 
45° O' 



Tan. Ang^le. 
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NATURAL SINES AND COSINES. 



A. 


Sin. < 


Cos. 




A. 


Sin. 


Cos. 




A. 


Sin. 


Cos. 




0° 

20' 

30; 

40' 

50' 

10' 
20' 

30; 

50' 

20 

10' 
20' 
30; 
40 
50' 
3^ 
10' 
20' 
30; 
40 
50' 
.40 

10' 
20' 
30; 
40 
50' 


.000000 I 


0000 


90° 

40^ 
30; 
20' 
10' 
89° 

40/ 
30 
20' 
10' 

50; 
40 
30' 
20' 
10' 

87° 

50; 
40 
30 
20' 
10' 
86° 

40' 
30' 
20' 
10' 
85° 
50; 
40' 
30' 
20' 
10' 
84° 
50; 
40' 
30; 
20' 
10' 
83° 
50; 
40' 
30' 


30; 
40' 
50' 

8° 

10' 
20' 
30; 
40 
50' 
9° 
10' 
20; 
30 
40 

50' 
10° 

10' 
20' 
30; 

50^ 
11° 

10' 

20' 

30; 

40 

50' 

12° 

10' 

20' 


.1305 
.1334 
.1363 


.9914 
.9911 
.9907 


30' 
20' 
10' 
82° 

50; 
40' 
30; 

20' 

lOf 

81° 

50; 
40 
30 
20' 
10' 
80° 

50; 
40 

20' 
10' 
79° 

so; 

20' 
10' 

78° 

50; 

40 

30' 

20' 

10' 

77° 

50; 

40 

30 

20' 

10' 

76° 

50; 

40' 

30; 

20' 

lo' 

75° 

A. 


15° 

10' 
20^ 
30; 
40' 

s<y 

16° 

10' 

20' 

30; 

40 

50' 

17° 

10' 

20' 

40^ 

50' 

18° 

10' 

20' 

30; 

40 

50' 

19° 

10' 

20' 

30; 

40' 

50' 

20° 

10' 

20' 

30; 

40' 

50' 

21° 

10' 

20^ 

30; 

40 

50' 
22° 

lO' 

20' 
30' 


.2588 


.9659 


75° 

50' 
40 
30' 
20' 
10' 
74° 
50; 
40 
30 
20' 
10' 
73° 

50; 
40- 
30 
20' 
10' 
72° 

40 
30 
20' 
10' 

71° 

40^ 
30 
20' 
10' 
70° 

40^ 
30; 
20' 
10' 
69° 

5°' 
40' 

30; 

20' 

10' 

68° 

50; 

30^ 


.005818 I 
.008727 I 
.011635 
.014544 


0000 
0000 
0000 
9999 
9999 


.2616 
.2644 
.2672 
.2700 
.2728 


.9652 
.9644 
.9636 
.9628 
.9621 


.1392 


.9903 


.1421 
.1449 
.1478 
.1507 
.1536 
.1564 

•1593 
.1622 
.1650 

-.IS 


.9899 
.9894 
.9890 
.9886 
.9881 

.9877 
.9853 


.017452 


9998 


.2756 


.9613 


.02036 
.02327 
.02618 
.02908 
.03199 


9998 
9997 
9997 
9996 

9995 


.2784 
.2812 
.2840 
.2868 
.2896 


.9605 

.9588 
.9580 
.9572 


•03490 


9994 

9993- 
9992 

9990 
9989 
9988 


.2924 
.2952 
.2979 
.3007 

.3035 
.3062 


•9563 


.03781 
.04071 
.04362 
.04653 
•04943 


•9555 
.9546 

.9537 
.9528 
.9520 


.1736 


.9848 


.1765 

.1851 
.1880 


.9838 

.9833 
.9827 
.9822 


.05234 


9986 


•3090 


.9511 


.05524 
.05814 
.06105 

.06685 


9985 
9983 
9981 
9980 
9978 


.3118 
•3145 
•3173 
.3201 
.3228 

.3256 
.3283 
•33" 
.3338 
.3365 
.3393 


.9502 
•9492 
.9483 
•9474 
.9465 


.1908 


.9816 


.1937 
.1965 
.1994 
.2022 
.2051 


.9811 
.9805 
•9799 
.9793 
.9787 


.06976 


9976 

9974 
9971 
9969 
9967 
9964 


.9455 


.07266 

.07846 
.08136 
.08426 


.9446 
•9436 
.9426 

.9417 
.9407 


.2079 
.2108 
.2n6 


.9781 


•9775 
.9769 

.9763 
•9757 
•9750 


.5° 


.08716 


9962 


30; 1.2164 


.3420 
.3448 

.3475 
.3502 

.3529 
.3557 


.9397 


icy 
20' 
30' 
40' 
50' 

6^ 

10' 
'20' 
30; 
40 

50' 

70 

10' 
20' 
30' 


.09005 
.09295 
.09585 
.09874 
.10164 


9959 
9957 
9954 
9951 
9948 

9945 
9942 
9939 
9936 
9932 
.9929 


40 
50^ 


.2193 
.2221 


•9387 
•9377 
.9367 
.9356 
.9346 


13° 

10' 

20' 

30; 

40' 

50' 

14° 

10' 

20^ 

30; 

40' 

50' 

15° 


.2250 
.2278 
.2306 
•2334 
•2363 
•2391 
.2419 

.2447 
.2476 
.2504 

•^^^ 
.2560 

.2588 


.9744 


.9737 
•9730 
.9724 
.9717 
.9710 

.9703 


.10453 
.10742 
.11031 
.11320 
.11609 
.11898 


.3584 
.3611 
.3638 
•3665 
.3692 
.3719 


•9336 


.9325 
.9315 
•9304 
.9293 
•9283 


.9696 
.9689 
.9681 
.9674 
.9667 


.12187 


9925 


.3746 


.9272 


.12476 
.12764 
•13053 


9922 
9918 
.9914 


.3773 
.3800 

•3827 


.9261 
.9250 
•9239 


•9659 




Cos. 


Sin. 


A. 




Cos. 


Sin. 




Cos. 


Sin. 


A. 
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A. 


Sin. 


C08. 




A. 


8in. 


Cos. 




A. 


Bin. 


Cos. 


30; 
20' 


30; 
40 


.3827 


.9239 
.9228 


30; 
20' 


30° 

10' 


.5000 


.8660 


60° 

50' 


30; 
40' 


.6088 
.6111 


.7934 


•5025 


.8646 


50' 
23° 

10' 


.3881 


.9216 


lo' 
67° 

SO' 


20' 
30; 
40' 


.5050 

.5075 
•5100 


.8631 
.8616 
.8601 


40' 
30; 
20' 


50' 
38° 

10' 


•6134 


.7898 


10* 

52° 
SO' 


•3907 


.9205 


.6157 


.7880 


•3934 


.9194 


.6180 


.7862 


20' 
30; 
40 


.3961 

.3987 
.4014 


.9182 
.9171 
•9159 


4cf 
30; 
20' 


50' 
31° 

10' 


.5125 


.8587 


icy 

69° 

so' 


2& 
30; 
40' 


.6202 
.6225 
.6248 


.7844 
.7826 
.7808 


40 
30 
20' 


.5150 


.8572 


•5'75 


•8557 


50' 
24° 
10' 


.4041 


.9147 
•9135 


lo' 
66° 

SO' 


20' 
30; 
40 


.5200 
.5225 
.5250 


.8542 
.8526 
.8511 


40' 
30; 
20' 


50' 

39° 

icy 


.6271 


•7790 


10' 
51° 

so; 


.4067 


.6293 


•7771 


.4094 


.9124 


.6316 


•7753 


20' 
Ad 


.4120 
.4147 
.4173 


.9112 
.9100 
.9088 


4C 
30 
20' 


50' 
32° 

10' 


.5275 


.8496 


10' 
58° 

50' 


20' 
30/ 
40 


.6338 
.6361 


.7735 


40^ 
20' 


.5299 


.8480 


•5324 


.8465 


SO' 

25° 
10' 


.4200 


.9075 


10' 
65° 

so' 


20' 
30' 


.5348 
•5373 
•5398 


.8450 

•8434 
.8418 


^0; 
30 
20' 


50' 

40° 

icy 


.640b 


.7679 


10* 

60° 

SO' 


.4226 


.9063 


.6428 


.7660 


•4253 


.9051 


.64SO 


.7642 


20' 
30; 
40 


•4279 
.4305 
.4331 


.9038 
.9026 
•9013 


40' 
30' 
20' 


so' 
33° 

10' 


.5422 


.8403 


10' 

57° 
50' 


20' 

^^ 
4<y 


.6472 

•6494 
.6517 


.7623 
.7604 
.7585 


40' 
30; 
20' 


.5446 


.8387 


.5471 


•8371 


26° 

10' 


.4358 


.9001 


10' 
64° 

SO' 


20' 
30; 
40' 


•5495 
•5519 
•5544 


.8355 
•8339 
.8323 




50' 

41° 

10' 


•<>539 


.7566 


10' 
49° 

SO- 


.4384 


.8988 


.6561 


.7547 


.4410 


•8975 


.6S83 


.7528 


20' 


.4436 


.8962 


40' 


50' 


.5568 


•8307 


10' 


20' 


.6604 


•7509 


40' 


30; 
40 


.4462 
.4488 


.8949 
.8936 


30; 

20' 


34° 

10' 


•5592 


.8290 


56° 

50' 


30; 
40 


.6626 
.6648 


•7490 
.7470 


30' 

20' 


.5616 


.8274 


50' 

27° 
10' 


.4514 


.8923 


63° 

so' 


20' 
30; 

50' 


.5640 


.8258 
.8241 
.8225 
.8208 


40' 
30' 
20' 


50' 

42° 

10' 


.6670 


•7451 


10' 

48° 
-50' 


•4540 


.8910 


.6691 


.7431 


.4566 


.8897 


•6713 


.7412 


20' 


.4592 


.8884 


40' 


.5712 


10' 


20' 


•6734 


•7392 


4<y 


30; 


.4617 


.8870 


30; 


35° 


•5736 


.8192 


56° 


30' 


.6756 


.7373 


30' 


40' 


.4643 


.8857 


2& 


10' .5760 


•8175 


50' 


40 


.6777 


•7353 


20' 


50' 


.4669 


.8843 


10' 


20' .5783 


.8158 


40' 


50' 


.6799 


•7333 


10' 


28^ 


.4695 


.8829 


62° 


30' .5807 


.8141 


30; 


43° 


.6820 


.7314 


47° 


icy 


.4720 


.8816 


SO' 


4(y .5831 


.8124 


20' 


10' 


.6841 


•7294 


so' 


20' 


.4746 


.8802 


40' 


50' .5854 


.8107 


10' 


20' 


.6862 


•7274 


40' 


30' 


•4772 


.8788 


30' 


36° .5878 


.8090 


54° 


30' 


.6884 


•7254 


30; 


40' 


•4797 


.8774 


20' 


i& .«;qoi 


.8073 


50' 


40' 


.6905 


•7234 


20' 


50' 


.4823 


.8760 


10' 


2& 


•5925 


.8056 


40^ 


50' 


.6926 


.7214 


10' 


29° 

10' 


.4848 


.8746 

.8732 


61° 

SO' 


30; 
40 


.5948 
•5972 


.8039 
.8021 


30; 
20' 


44° 
10' 


.6947 


•7193 


46° 

50' 


.4874 


.6967 


•7173 


20' 
30; 


.4899 
.4924 


.8718 


40; 
30 


50' 

37° 


•5995 


.8004 


ic/ 
53° 


2cy 

3cy 


.6988 
•7009 


•7153 
.7133 


40' 
30' 


.6018 


.7986 


40' 


.4950 


.8689 


20' 


icy 


.6041 


.7969 


so' 


40 


.7030 


.7112 


20' 


50' 
30° 


•4975 


.8675 


10' 
60° 


20' 
30' 


.6065 
,6088 


.7951 
•7934 


30' 


50' 

45° 


•7050 


.7092 


10' 

45° 


.5000 


.8660 


.7071 


.7071 




Cos. 


Bin. 


A. 




Cos. 


Sin. 


A. 




Cos. 


Sin. 


A. 
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LOGARITHMS OF NUMBERS. 



Fo. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


xo 


0000 


0043 


0086 


0128 


0170 


0212 


0253 


0294 


0334 


0374 


xz 


0414 


""m 


0492 


0531 
0899 


0569 


0607 


0645 


0682 


0719 


0755 


xa 


0792 


0828 


0864 


0934 


0969 


icx)4 


1038 


1072 


1 106 


13 


"39 


"73 


1206 


1239 


1271 


1303 


1335 


1367 


1399 


1430 


14 


1461 


1492 


1523 


1553 


1584 


1614 


1644 


1673 


1703 


1732 


15 


1 761 


^z?? 


1818 


1847 


1875 
2148 


1903 


1931 


1959 


1987 


2014 


16 


2041 


2068 


2095 


2122 


2175 


2201 


2227 


2253 


2279 


17 


2304 


2330 


2355 


2380 


2405 
2648 


2430 


2455 


2480 


2504 


2529 


x8 


^553 
2788 


2577 

2810 


2601 


2625 


2672 


2695 


2718 


2742 


2765 


19 


2833 


2856 


2878 


2900 


2923 


2945 


2967 


2989 


20 


3010 


3032 


3054 
3263 


3075 


3096 


3118 


3139 


3160 


3i8r 


3201 


2Z 


3222 


3243 


3284 


3304 


3324 


3345 


3365 


3385 


3404 


22 


3424 


3444 


3464 


3483 


3502 


3522 


3541 


3560 


3579 


3598 


23 


3617 


3636 


m 


3674 


3692 


37" 


3729 


3747 


3766 


3784 


24 


3802 


3820 


3856 


3874 


3892 


3909 


3927 


3945 


3962 


25 


3979 


3997 


4014 


4031 


4048 


4065 


4082 


4099 


41 16 


4133 


26 


4150 


4166 


4183 


4200 


4216 


4232 


4249 


4265 


4281 


4298 


27 


43H 


4330 


4346 


4362 


4378 


4393 


4409 


4425 


4440 


4456 


28 


4472 


4487 


4502 


4518 


4533 


4548 


4564 


4579 


4594 


4609 


29 


4624 


4639 


4654 


4669 


4683 


4698 


4713 


4728 


4742 


4757 


30 


4771 


4786 


4800 


4814 


4829 


4843 


4857 


4871 


4886 


4900 


31 


4914 


4928 


4942 


4955 


4969 


4983 


4997 


501 1 


5024 


5038 


3a 


50|i 


5065 
5198 


5079 


5092 


5105 


5119 


5^32 


5H5 


5159 


5172 


33 


5185 


5211 


5224 


5237 


5250 


5263 


5276 


5289 


5302 


34 


5315 


5328 


5340 


5353 


5366 


5378 


5391 


5403 


5416 


5428 


35 


5441 


5453 


5465 


5478 


5490 


5502 


55H 


5527 


5539 


5551 
5899 


36 


^IP 


5575 


5587 


5599 


561 1 


5623 


5635 


5647 


5658 


37 
38 


5682 
5798 


5694 
5809 


5705 
5821 


5717 
5832 


5729 
5843 


5740 


l^ 


5763 

I5i 


l^ 


39 


591 1 


5922 


5933 


5944 


5955 


5966 


5977 


5999. 


6010 


40 


6021 


6031 


6042 


6053 


6064 


6075 


6085 


6096 


6107 


6117 


41 


6128 


6138 


6149 


6160 


6170 


6180 


6191 


6201 


6212 


6222 


42 


6232 


6243 


6253 


6263 


6274 


6284 


6294 


6304 


6314 


6325 


43 


6335 


6345 


6355 


6365 


6375 


6385 


6395 


6405 


6415 


6425 


44 


6435 


6444 


6454 


6464 


6474 


6484 


6493 


6503 


6513 


6522 


45 


^Po 


6542 


6551 


6561 


6571 


6580 


6590 


6599 


6609 


6618 


46 


6628 


6637 


6646 


6656 


6665 
6758 


6675 


6684 


6693 


6702 


6712 


47 


^2^' 


^P"" 


6739 


6749 


6767 


t^ 


6785 


6794 


6803 


48 


6812 


6821 


6830 


6839 


6848 


6857 


6875 


6884 


6893 


49 


6902 


691 1 


6920 


6928 


6937 


6946 


6955 


6964 


6972 


6981 


50 


6990 


6998 


7007 


7016 


7024 


7033 


7042 


7050 


7059 


7067 


51 


7076 


7084 


7093 


7101 


7110 


7118 


7126 


7135 


7H3 


7152 


5* 


7160 


7168 


7177 


7185 


7193 


7202 


7210 


7218 


7226 


7235 


53 


7243 


7251 


7259 


7267 
7348 


7275 


7284 


7292 


7300 


7308 


7316 


54 


7324 


7332 


7340 


7356 


7364 


7372 


7380 


7388 


7396 
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55 


7404 


7412 


7419 


7427 


7435 


7443 


7451 


745? 


7466 


7474 


56 


7482 


7490 


7497 


7505 


7513 


7520 


7528 


7536 


7543 


7551 


57 


7559 


7566 


7574 


7582 


7589 


7597 


7604 


7612 


7619 


7627 


58 


7634 


7642 


7649 


7657 


7664 


7672 


7679 


7686 


7694 


7701 


59 


7709 


7716 


7723 


7731 


7738 


7745 


7752 


7760 


7767 


7774 


60 


7782 
7853 


7789 


?l68 


7803 


7810 


7818 


7825 


7832 


7839 


7846 


6z 


7860 


7875 


7882 


7889 


7896 


7903 


7910 


7917 


62 
63 


7924 


7931 
8000 


7938 
8007 


7945 
8014 


7952 
8021 


'^11 


7966 
8035 


^l 


7980 
8048 


7987 
8055 


64 


8069 


8075 


8082 


8089 


8096 


8102 


8109 


8116 


8122 


65 


8129 


8136 


8142 


8149 


815^ 


8162 


8169 


8176 


8182 


8189 


66 


8195 


8202 


8209 


8215 


8222 


8228 


8235 


8241 


8248 


8254 


67 


8261 


8267 


8274 


8280 


8287 


8293 


8299 


8306 


8312 


8319 


68 


IP 


8331 


8338 


8344 


8351 


8357 


8363 


8370 


8376 


8382 


69 


8395 


8401 


8407 


8414 


8420 


8426 


8432 


8439 


8445 


70 


8451 


8457 


8463 


8470 


8476 


8482 


8488 


8494 


8500 


8506 


71 


8513 


8519 


!5?5 


8531 


8537 


8543 


8549 


8555 


8561 


8567 


7a 


8573 


8579 


8585 


8591 


8597 


8603 


8609 


8615 


8621 


8627 


73 


8633 


8639 


8645 


8651 


8657 


8663 


8669 


8675 


8681 


8686 


74 


8692 


8698 


8704 


8710 


8716 


8722 


8727 


8733 


8739 


8745 


75 


H^l 


8756 


!2^^ 


8768 


8774 


ig? 


8785 


8791 


lis 


8802 


76 


8808 


8814 


8820 


8825 


8831 


8842 


8848 


8859 


77 


8865 


8871 


8876 


8882 


8887 


8893 


8899 


8904 


8910 


8915 


78 


8921 


8927 


!932 


8938 


8943 


8949 


8954 


8960 


8965 


8971 


79 


8976 


8982 


8987 


8993 


8998 


9004 


9009 


9015 


9020 


9025 


80 


,9031 


9036 


9042 


9047 


9053 


9058 


9063 


9069 


9074 


9079 


8z 


9085 
9138 


9090 


9096 


9101 


9106 


9112 


9117 


9122 


9128 


9133 
9186 


€2 


9143 


.9149 


9154 


9159 


9165 


9170 


91.75 


9180 


83 


9191 


9196 


9201 


9206 


9212 


9217 


9222 


9227 


9232 


9238 


84 


9243 


9248 


9253 


9258 


9263 


9269 


9274 


9279 


9284 




85 


9294 


9299 


9304 


9309 


9315 


9320 


9325 


9330 


9335 


9340 


86 


9345 


9350 


9355 


9360 


9365. 


9370 


9375 


9380 


9385 


9390 


87 


9395 


9400 


9405 


9410 


9415 


9420 


9425 


9430 


9435 


9440 


88 


9445 


9450 


9455 


9460 


9465 


9469 


9474 


9479 


9484 


9489 


89 


9494 


9499 


9504 


9509 


9513 


9518 


9523 


9528 


9533 


9538 


90 


9542 


9547 


9552 


9557 


9562 


9566 


9571 


9576 


9581 


9586 


91 


9590 


9595 


9600 


9605 


9609 


9614 


9619 


9624 


9628 


9633 


ga 


9638 


9643 


9647 


9652 


9657 


9661 


9666 


9671 


9675 


9680 


93 


9685 


9689 


9694 


9699 


9703 


9708 


9713 


97J7 


9722 


9727 


94 


9731 


9736 


9741 


9745 


9750 


9754 


9759 


9763 


9768 


9773 


95 


9777 
9823 


9782 
9827 


9786 
9832 


9791 


984? 


9800 


9805 


9809 


9814 


9818 


96 


9836 


9845 


9850 


9854 


9859 


9863 


97 


9868 


9872 


9877 


9881 


9886 


9890 


9894 


9899 


9903 


9908 


98 


9912 


9917 


9921 


9926 


9930 


9934 


9939 


9943 


9948 


9952 


99 


9956 


9961 


9965 
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9974 


9978 


9983 


9987 


9991 
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This book shotad be retiimed to 
the Library on or before the last date 
stampe4 below. 

A flue of five cents a day ia inciirred ^ 
by retaining it beyond the Bpeeifte^ 
time. 

f lease return promptly. 




